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Abstract

Video-rate registered range and intensity data are at

reach of current sensor technology. This wealth of data
can be profitably exploited in order to estimate rigid
motion parameters as the approaches to 3-D motion
estimation, based on the optical flow of both types of
data, indicate.
This work introduces an alternative for 3-D motion
estimation based on the Fourier transform of the 3-D
intensity function tmplicitly described by the registered
time-sequences of range and intensity data. The pro-
posed procedure can lead to an unsupervised method
for 3-D rigid motion estimation. This method has
several advantages related to the fact that it uses the
total available information and not sets of features.
With respect to memory occupancy the use of a teme-
sequence of a 3-D intensity function represents a con-
siderable data reduction with respect to a pair of time-
sequences of 2-D functions. The proposed technique,
which extends to the 3-D case previous frequency do-
main estimation algorithms developed for the planar
case, retain their robustness.

1 Introduction and problem
statement

Current sensor technology is able to supply real-time
sequences of registered image and intensity data [1,
2]. This wealth of data can be profitably exploited in
order to estimate motion parameters as the methods
of [3, 4] indicate.

This work proposes an original frequency domain tech-
nique for estimating the 3-D rigid motion parameters
with a number of potentially interesting characteris-
tics. This method does not use features but the whole
information given by a 3-D textured surface to which
the data are equivalent. The use of a 3-D textured
surface is memory-wise more efficient than using a 2-
D textured image jointly with a 2-D range data image.
Furthermore the fact that this method is not based on

features leaves open the possibility of using simplified
structure models. The use of the whole available infor-
mation makes this procedure very robust, a property
tipical of the 2-D motion estimation techniques based
on frequency domain [5, 6]. Let £1(x), x € IR?, be a
3-D object and let ¢3(x), be a rigidly translated and
rotated version of £1(x) (these data can be obtained
from registered range and intensity data captured at
different times). It can be shown that, without lack of
generality, ¢1(x) and £2(x) relate as

5(x) = 6(R™'x — t) (1)

According to (1) £3(x) is first translated by the vector

t € IR? and then rotated by the matrix! R € SO(3).
Denote as

Lik) = Fla(x) |k = (2)

+oo
/// —]27Tk de

the 3-D cartesian Fourier transform of 4;(x),i = 1,2;
it 1s straightforward to prove that the two transforms
are related as

Lo(k) = £1(R™'k)e—d 27K Rt (3)
Relationships (1) and (3) hold for 3-D surfaces as well
as for 3-D solids. However, if the 3-D surfaces were
modeled by impulsive functions supported on them,
their Fourier transforms should have lot of spurious
high frequency content not suited to the frequency do-
main techniques to be presented. For this reason we
preliminarily build 3-D solids from the range data de-
fined by the 3-D surfaces and we apply the proposed
technique to them. Texture information is only used

SO(3) = {R € R¥3, R~' = R” det(R) = +1}

is the group of the 3 x 3 special orthogonal matrices.
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Figure 1: Mohai’s head [7]: a) £1(x); b) £2(x).

at the last step of the proposed procedure in order to

disambiguate among possible estimates obtained from
range data only.

Let S1(x) and Sa(x), x € IR3, be the range data
defining the surfaces of a rigid body moving in IR3, at

times ¢; and ?2 respectively. From Si(x) and S2(x)
define £1(x) and f2(x) as

if x €Int(S;(x))

elsewhere

Ei(x):{(l) i=1,2 (4)

where Int(S;(x)) denotes the interior of the surface
S;(x). For example’s sake, Fig.l.a as ¢;(x) shows a
Mohai’s head from [7], and Fig.1.b shows ¢2(x) ob-
tained rotating the Mohai’s head around the origin.

From (3) one sees that the translational vector ¢ af-

fects only phases and not magnitudes. Magnitudes are
related as

|C2(k)| = [£1(R™K))| ()

Relationship (5) can be used in order to determine R.
Therefore in the frequency domain the estimation of
R and t can be decoupled and one can estimate first
R from (5) and then t from (3).

In order to stress in R the contribution of the ro-
tational axis versor w! = (wy,wy,w,) € R3, ||w|| = 1,
and of the rotational angle ¢ € IR, let’s write R as [8]

R=R@,¢) = (6)

where?

0 —W, Wy
o= l w, 0 —wy ] € 50(3) (7)

—Wy Wy 0

1s a skew-symmetric matrix built form the versor w.
The proposed procedure has three steps: in the first
it estimates the rotational axis w, in the second the

rotational angle ¢, in the third the translational vector
t.

2 Proposed Technique

2.1 Estimation of the rotational axis

Define the difference function A(k) between the trans-
forms magnitudes as

_ = L)) [La(k)]
AK) = Alko, ky ko) = ‘ o) T ‘_

_ e LR K]

= Lo Lo ‘ ®)

where relationship (5) has been used. From (8) it is
clear that A(k) = 0 if R~'k = k which is equivalent
to Rk = k. Tt can be proved [8] that R, as rotational

Zs0(3) = {S € R3*3 . ST = —S} is the space over
reals of the 3 x 3 skew-symmetric matrices. The map

so(3) — SO(3) is suriective [8].
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Figure 2: Function P(k,, kg) relative to the Mohai’s head of Fig.1.

maﬁrix, has eigenvalues Ay = 1, Ay = ¥ and A =
e~J% and that w has the following properties:

a) it is the eigenvector associated to Ay = 1 (there-

fore it satisfies Rk = k);
b) it is the only real eigenvector of R.

In other words the locus A(k) = 0 includes a line
through w. For objects without special symmetries
(as natural objects typically are) this property of the
function A(k) can be exploited 1n order to determine
the versor w by the following procedure:

1) express A(ky, ky, k.) in spherical coordinates

kp =/ kZ+kZ+k? k, >0
k, = arctan :—i’ 0<ky,<2r (9)
kg = arccos k 0< kg <

k2 k2+k2

as A(k,, k,, kg); notice that this function can be
represented only in a hemisphere because of the
hermitian symmetry of the Fourier transform;

ii) compute the radial projection of A(k,, ky, k¢) as

Plhorke) = [ Slkyikoke) by (10)

iii) the angular coordinates of w in spherical repre-
sentation (see Fig.3) can be found as

(p,0) = arg min [P(ky, ky)]

(11)

since, from the inclusion of w within the locus

A(k) =0, P(ky, ko) > 0 with P(e,0) = 0;

iv) define w the versor of the direction (¢, 8).

The use of radial projections (10) simplifies the 3-D
search for a line of the locus A(k) = 0 into the min-
imization of a 2-D function which can be solved by
standard numerical methods. Fig.2 shows the func-
tion P(k,, kg) relative to the Mohai’s head example
of Fig.1.

2.2 Estimation of the rotational angle

Once the rotational axis w ha been determined, the
estimate of the rotational angle ¢ can be conveniently
approached in a cartesian coordinate system with an
axis along w, as shown in Fig.3. The determination of
this coordinate system and the representation in this
system of relationship (5) between magnitudes can be
obtained as follows. Define the cartesian coordinates

system
u ky
u=| v [ =¢"| k (12)
w k.,



Figure 3: Change of coordinate reference systems.

with?
—sing —cosfcosy sinfcosy
C=| coseg —cosfsing sinfsing (13)
0 sin cos fl

In the new cartesian reference system defined through
(12) and (13) equation (5) becomes

|L2(Cu)| = |Ly(R7ICu)| = |L1(CCTTR™ICu)| (14)

Define for convenience |L;(u)| = |L;(Cu)|, i = 1,2,
from which (14) can be written as

|L2(w)] = [£1(CT R™Cu)| = [L4(Ry ' (¥)u)] - (15)

where
cosyy —siny 0
R,(¥)=C'RC = siny cosy 0 | =
0 0 1

[rw 8] (16)
0 0 1

Matrix Ry () clearly shows the structure of a rotation
by 1 around the w-axis. Note that sub-matrix r(¢)
is a 2-D rotational matrix, i.e. r(¢) € SO(2). If the
magnitudes (15) are projected along the w-axis as

+ oo
pi(u,v) = / |El(u, v,w)|ldw {1=1,2 (17)

— 00

3C € SO(3) and then C~* = C7.

given the structure of Ry (1), it is easy to prove that
the axial projections defined in (17) relate as

([ nalz]) o

Fig.4 shows axial projections py(u, v) and pa(u,v) rel-
ative to the Mohai’s head of Fig.1. The determina-
tion of ¢ from (18) is a planar rotational problem
which can be solved as follows. Define the polar ref-
erence system (7, «) related to the cartesian system

(u,v) as r = Vu? + 0%, a = arctan(v/u) and define
pi(r, ) = pi(reosa,rsina),i = 1,2. Compute the
1-D radial projections of p;(r, &), i = 1,2, as

fila) = / pi(r,)dr  i=1,2 (19)
0
It can be easily shown [6] that fo(«) is related to fi(«)

fala) = fila =) (20)

i.e. that the two functions differ only in a phase shift
¢. Fig.h shows fi(«) and fa(«) relative to the Mo-
hai’s head of Fig.1. Projections are again used in or-
der to reduce the dimensionality of the problem by
one. Furthermore by means of (19), the original 2-D
problem of estimating the rotational angle + is turned
into the problem of estimating a 1-D translational shift
(of value ¢). This 1-D problem can be solved by 1-D
phase-correlation [9] as follows. Denote the Fourier
transform of functions f;(«), i = 1,2, as

Fi(ka) = FLfi(a) | ko] = / " fi(a)e o (21)
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Figure 4: Axial projections py(u,v) and pa(u, v).

from (20) it is readly seen that

Fy(ky) = Fi(ky)e I 2mhet (22)
From the normalized product
. Fi (ko) Fa(ka) —jok
D(ky) = 222 — o—j2mkay 23
) = Filha) Fatka) =

one can compute the so called phase correlation func-

tion
ye) = FH(ka) | @] = 6(a —¥) (24)

which is the inverse Fourier transform of (23). The
peak of y(«), which in practice is not strictly impul-
sive, gives nevertheless an estimate of ¢, denoted as
1, (see [6] for the details). Phase correlation function
() relative to fi(«) and fa(a) is shown in Fig.5.

Phase correlation gives as equally likely estimates 1Z

and ¥ + 7. In order to disambiguate the estimate one
can use texture information. In our simulations we
mapped arbitrary texture on the Mohai’s head, which
in [7] is given only as range data, in order to have regis-
tered range and intensity data. Fig.6 (top row) shows

the superposition of fi(«) and g2(«) = fz(oz—HZ). The
accuracy of the match is remarkable as evidenced by
the error e(a) = f1(«) —g2(«) shown in Fig.6 (bottom
row).

From w and ¢ the rotational matrix R(&, ) can be
reconstructed by means of the Rodrigues’ formula [8]
as

R@,0) = ¥ = [+ Gsint +5%(1 — cosvp)  (25)

In the example of Fig.1, the 3-D rotation in spherical
coordinates 1s defined by parameters ¢ = 109.5° 8 =
24.5° (which are the coordinates of w in the spherical
coordinate system) and ¢ = 51.5°; the parameters es-
timated by the proposed frequency domain technique

are o = 109°,0 = 24.5° and ¢ = 51.5°. There is only
an error in the estimate of ¢.

2.3 Estimation of the 3-D translational
vector

The translational vector t can be estimated as follows:
a) de-rotate image [2(x) as

do(x) = ly(RK) = I (x — t) (26)

b) apply a 3-D cartesian phase correlation algo-
rithm [9] on £1(k) and Da(k) = Flda(x) | k] =

L1(k) e‘jZWth, i.e. compute the normalized
product between transforms as

- [,T(k)'Dz(k) :e—jZﬂ'th (27)

¢) evaluate its inverse Fourier transform
g(x) = FQ(k) | x] = §(x — t) (28)

The translational vector t can be estimated from the
peak of the 3-D impulsive function ¢(x).
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Figure 5: Functions fi(«) (top row) and fz(«) (middle
row) and phase-correlation y(«) (bottom row).

Experimental data showing the actual performance
of the algorithm will complete the proposed submis-
sion. The method can be efficiently implemented by
using MD FFT algorithms [10, 11].

3 Conclusions

The presented technique is a method for the non-
supervised estimate of the 3-D rigid motion by means
of range and intensity data. Its novelty relies upon the
fact that 1t 1s a frequency domain approach; therefore
it uses the global information of the data and not sets
of features. This is probably one of the causes of its
robustness.

At the time of this writing we are only able to give a
progress report on this work and not the final assess-
ment of its performance. For this one needs further
experimental work with real data.

Current work also considers an extension of this ap-
proach to range data only and its application to the
unsupervised registration of range data. Algorithmic
refinements of the presented procedure, aimed to en-
hance its precision and speed, are also under study.
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