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Abstract Recent advances in visual tracking methods

allow following a given object or individual in presence of

significant clutter or partial occlusions in a single or a set of

overlapping camera views. The question of when person

detections in different views or at different time instants can

be linked to the same individual is of fundamental impor-

tance to the video analysis in large-scale network of cam-

eras. This is the person reidentification problem. The paper

focuses on algorithms that use the overall appearance of an

individual as opposed to passive biometrics such as face and

gait. Methods that effectively address the challenges asso-

ciated with changes in illumination, pose, and clothing

appearance variation are discussed. More specifically, the

development of a set of models that capture the overall

appearance of an individual and can effectively be used for

information retrieval are reviewed. Some of them provide a

holistic description of a person, and some others require an

intermediate step where specific body parts need to be

identified. Some are designed to extract appearance features

over time, and some others can operate reliably also on

single images. The paper discusses algorithms for speeding

up the computation of signatures. In particular it describes

very fast procedures for computing co-occurrence matrices

by leveraging a generalization of the integral representation

of images. The algorithms are deployed and tested in a

camera network comprising of three cameras with non-

overlapping field of views, where a multi-camera multi-

target tracker links the tracks in different cameras by

reidentifying the same people appearing in different views.

Keywords Re-identification � Surveillance � Tracking �
Appearance matching � Integral image � Co-occurrence �
Integral representation

1 Introduction

Installations of camera networks nowadays are widespread

in various domains that range from home surveillance

applications, to small business and large retail applications,

to facility access, sports venue, mass-transit, and environ-

ment monitoring, to open borders surveillance, just to

mention a few. This raises the need for automated methods

able to extract, and access high-level semantic information

carried by the extremely high volume of recorded video

data. In many surveillance tasks knowing whether in a

given scene, at a given position and time, a given person

was present is of paramount importance, and justifies the

efforts devoted to the development of systems that can

perform detection and tracking of people (Tu et al. 2007).

Intrinsic to the idea of tracking a person is the concept of

maintaining his / her identity. In fact, tracking from one

video frame to the next means being able to tell that the

person that is pointed to is the same that was pointed in the

previous frame. When only one video feed is processed,

these identity management issues are addressed by so-called

data association techniques, such as generalized nearest

neighbor (Blackman and Popoli 1999), joint probabilistic
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data association filtering (Rasmussen and Hager 1998),

multiple hypothesis tracking (Cox and Hingorani 1994), or

Bayesian multi-target tracking (Isard and MacCormick

2001). Growing from one video feed to multiple video feeds,

recorded simultaneously by multiple cameras (i.e. a camera

network) with overlapping field of views, farther compli-

cates the tracking problem. Here, besides pointing to the

same person from one frame to the next, tracking means

being able to point to the same person from one camera to

the next, when he/she disappears from the former and

appears in the latter. Most of current approaches leverage

camera calibration, together with the spatiotemporal infor-

mation of the target to maintain the identity during camera

hand-off (Krahnstoever et al. 2006; Khan and Shah 2006).

As the dimensions of a site grow, it quickly becomes

unsustainable to be able to deploy a camera network where

there are enough overlapping field of views to not leave

uncovered any area of interest. In these conditions tracking

across such ‘‘blind gaps’’ cannot take direct advantage of

the space-time proximity of a person between two con-

secutive frames, or of the joint camera calibration and

kinematic history of the person. Indeed, there is uncertainty

in the behavior of a person in a blind gap, which is very

hard to predict, not to mention that knowing the intrinsic

and extrinsic calibration (Ma et al. 2004) would be a costly

tedious process.

Passive biometric cues such as face (Senior et al. 2002),

or gait (Wang et al. 2003) immediately stand out as

information that might be valuable to address the identity

management problem across blind gaps. Signatures

describing the face or gait of an individual could be

acquired ‘‘on-the-fly,’’ while the person is being reliably

tracked. When the same person reappears in a field of view

(from a blind gap), the same type of signature is extracted

and matched against the original one. This reidentification

process would allow to reassign to that individual the same

identity, and tracking history, that was previously associ-

ated to him. In other words, reidentification extends

tracking beyond blind gaps.

Despite the research efforts in face and gait recognition

(Phillips et al. 2005; Bissacco and Soatto 2009), due to the

low resolution and pose variation of individuals in typical

visual surveillance footage, none of the two techniques

were ever used for person reidentification in camera net-

work settings, until recently. The interested reader is poin-

ted to (Bäuml et al. 2010) for an approach that exploits face.

Conversely, when suitable assumptions on people behavior

in blind gaps can be made, there are approaches that con-

straint the reidentification problem, and combine spatial

layout models with kinematic models to pruning the can-

didate set to be matched. The interested reader can consult

(Makris et al. 2004; Rahimi et al. 2004; Javed et al. 2007)

for such approaches that rely on kinematics and geometry.

Besides biometric cues, and geometric and kinematic

priors, if the assumption that a person will not change his

clothes during a blind gap is valid, the whole body

appearance is an alternative cue that can be exploited for

identity management in camera networks. The use of that

information in such context is referred to as appearance-

based person reidentification, which is the main focus of

this paper. Note that, in general, a blind gap does not need

to be generated by a person disappearing and reappearing

in two disjoint field of views, instead, it could be due to a

long occlusion of the person being tracked within the same

field of view. Therefore, even a single camera tracker can

take advantage of a form of reidentification capability to

link the fragmented tracks of the same individual.

An appearance-based person reacquisition approach

relies on estimating a signature (or model) representing the

identity of the person being tracked. This is accomplished

by either exploiting the appearance information of a person

in one image only, or by integrating such information over

multiple images. The former methods are referred to as

single-shots, whereas the latter ones are referred to as

multiple-shots. Such appearance information is extracted

by cropping each video frame in correspondence of a tight

bounding box, which is typically computed by the tracking

algorithm that is following the person. Since the cropped

image contains background image clutter, most of the

reacquisition approaches take advantage of a foreground-

background separation algorithm to better extract the

image pixels that belong to the person only.

Once the whole-body appearance information to be used

is identified, the goal is to compute a distinctive, and

invariant signature for the person being tracked. It has to be

distinctive because it should maximize the discrepancy

computed against the signature of another individual. It has

to be invariant because it should not change, regardless of

the particular pose of the individual with respect to the

camera (viewpoint), and regardless of the particular illu-

mination conditions. Building distinctive and invariant

signatures is key to performing reliable matching and

therefore reidentification. Note that this is an extremely

difficult task, especially given by the typical unconstrained

surveillance scenario where people are imaged. In fact,

small variations in pose or illumination rapidly change the

appearance of loose or wrinkled clothing. Moreover,

changes in pose and / or viewpoint result in different

occlusions of body parts1. Finally, image resolution, typi-

cally relatively low, has also an important impact on the

invariance of signatures.

1 In real scenarios occlusions may arise by other people, or objects, in

the scene that are covering the imaged person. This paper does not

consider such cases, and assumes that a person appears unobstructed

in front of the camera.
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1.1 Overview of the approach

A typical way of building appearance models (or signa-

tures) is by first computing local descriptors of an image,

and then by aggregating them using different strategies.

Different descriptors and strategies lead to different

approaches for building signatures.

A local descriptor can be as simple as the image

intensity, or a sophisticated chain of operations. Two dif-

ferent local descriptors are predominantly used in this work

(see Sect. 3) The first one computes histograms of oriented

gradients2 (HOG) in the Log-RGB color space (Funt and

Finlayson 1995), and can be used for generating either

single-shot or multiple-shots signatures. The second one

aims at combining color and structural information while

being robust against dynamic appearance changes of

clothing. Such descriptor is computed over multiple con-

secutive frames, and is suitable for generating multiple-

shots signatures. Color information is represented by hue

and saturation, where robustness to illumination variations

is achieved via normalization. Structural information is

computed with an edgel extraction procedure outlined as

follows.

Unlike most rigid objects, the structural appearance of

loose fitting or wrinkled clothing on perambulating indi-

viduals is highly dynamic. Hence, the application of a

traditional edge operator (Canny 1986) will produce many

spurious edges corresponding to wrinkles and folds in

clothing. To address this issue, a spatiotemporal segmen-

tation algorithm that generates salient edgel information is

applied to the imagery (see Sect. 4) The watershed algo-

rithm is used to generate an over-segmentation of each

frame. A spatiotemporal graph is then generated by treating

each region as a node, and placing edges between spatially

and temporally adjacent regions. A graph partitioning

algorithm that models each cluster as a minimum spanning

tree is then used to generate salient edgels corresponding to

the boundaries of each type of clothing.

The simplest way to aggregating local descriptors leads

to models that are holistic representations of the whole-

body appearance; as opposed to the parts-based methods

that divide the body into regions, and therefore a parts-

matching mechanism is required when appearance models

are compared (see Fig. 1). Given the bounding box

delimiting a person, an example of holistic representation

of the appearance is the concatenation of the color and the

structural histograms, provided by the hue and saturation,

and the salient edgels histograms. In Sect. 5 this is refereed

to as the bounding-box model.

Bag-of-features approaches (Schiele and Crowley 2000;

Lowe 2004; Mikolajczyk and Schmid 2005; Varma and

Zisserman 2005; Winn et al. 2005; Fei-Fei and Perona

2005), are holistic representations of images given by a

distribution / collection of, possibly densely computed,

local descriptors, vector-quantized according to a prede-

fined appearance dictionary (made of appearance labels).

These rather simple models perform remarkably well in

both specific object (intra-category) and object category

(inter-category) recognition tasks, and are robust to occlu-

sions, illumination, and viewpoint variations. Here the local

descriptor based on the HOG in the Log-RGB color space is

densely computed3 and vector-quantized to build a signa-

ture that is the histogram of appearance labels (see Sect. 5).

The major criticism of histogram-based models is their

failure to capture higher-order information, such as the

spatial distribution of the local descriptors (i.e. the appear-

ance labels). Some approaches directly address this issue

(Lazebnik et al. 2003; Wolf and Bileschi 2006; Shotton et al.

2006; Savarese et al. 2006), but they mainly focus on inter-

category discrimination, as opposed to recognizing specific

objects. Section 6 introduces the appearance context model,

a holistic representation with the goal of capturing the

spatial relations between local descriptors by describing the

co-occurrence of appearance labels.

In parts-based methods it is the description of corre-

sponding parts that is used for matching appearance mod-

els. Part identification and correspondence can be carried

out in different ways. One is to use interest point operators

(Lowe 2004; Mikolajczyk and Schmid 2005; Bay et al.

2008). However, their responses do not persist over

extended periods of time due to the dynamic nature of the

appearance of clothing. This is addressed by choosing an

operator that generates a large number of responses in

regions with high information content, thus increasing the

probability of establishing true correspondences between

images of the same individual. In Sect. 8 the Hessian affine

invariant operator is used for this purpose (Mikolajczyk

and Schmid 2005). Signature matching is used to establish

correspondences between two sets of interest points, and

associated parts. Reidentification is established by com-

puting a match score based on the cardinality of the final

set of correspondences.

Another way to identify body parts is by fitting a model to

establish a mapping from one individual to another. In

Sect. 9 a decomposable triangulated graph (Amit and Kong

1996; Felzenszwalb 2005) is used to model the articulated

shape of a person. A dynamic programming algorithm is

used to fit the model to the image of the person. Model fitting

2 Different flavors of HOG’s have proven to be successful in several

settings (Lowe 2004; Dalal and Triggs 2005; Kumar and Hebert

2006).

3 In challenging situations a dense representation has been found

outperforming the sparse one also by other authors (Gheissari et al.

2006; Vedaldi and Soatto 2006).
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localizes different body parts such as arms, torso, legs and

head, thus facilitating the comparison of the corresponding

appearance and structure.

Finally, an alternative method to identify parts is based

on a modified shape context (Belongie et al. 2002) algo-

rithm, which uses a shape dictionary learnt a priori. This

effectively segments the image into regions that are loosely

associated to specific body parts. The approach is used in

conjunction with the shape and appearance context model

(see Sect. 10), which is a parts-based method that extends

the appearance context by using body parts explicitly to

improve distinctiveness.

The proposed models entail computing several statistics

over image subregions, which can be sped up very effec-

tively by taking advantage of the integral representation

(see Sect. 7.1). This generalizes the popular integral image

and integral histogram (Viola and Jones 2004; Porikli

2005) to perform fast computations of statistics (e.g. mean

and covariance) of multidimensional vector-valued func-

tions over (discrete) domains of arbitrary shape. Based on

this framework, it is possible to perform fast computations

of co-occurrences (see Sect. 7.2), which leads to the real-

time computation of the reidentification appearance models

(Wang et al. 2007).

2 Related work

Several approaches have been proposed where signatures

based on the whole body appearance of an individual are

compared. In (Jaffré and Joly 2004) a color histogram of

the region below the face (found by a face detector) serves

as the signature for comparison. Seigneur et al. (2004)

designs a related approach using clothing color descriptors.

The early work of Nakajima et al. (2003) uses a holistic

representation to simultaneously estimating pose and

identity of four individuals by training a multi-class SVM.

The works of Park et al. (2006) and Bird et al. (2005) are

early examples of parts-based approaches for retrieval from

video surveillance archives, and for detecting people loi-

tering by reidentifying the same person being present for a

long time.

Perhaps the first work that is mostly related to the

application space of this paper is by Javed et al. (2003).

They propose a Bayesian framework that attempts to fuse

motion models and a simple color histogram representation

to perform person reidentification between cameras with

unknown spatial configuration. Followup work (Javed et al.

2005; Porikli 2003) shows that the inter-camera brightness

transfer function lies in a low-dimensional subspace, and

can be learnt using a set of corresponding calibration

objects. Reidentification is then achieved by comparing the

color histograms adjusted accordingly4.

Since the works of Javed et al. (2003) and Javed et al.

(2005) the holistic representation with histograms has been
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Fig. 1 Appearance models. Appearance models are typically built by

first computing local descriptors of an image, and then by aggregating

them using different strategies. One of the simplest is by computing

their histogram. A local descriptor can be as simple as the image

intensity (a), or a sophisticated chain of operations. Local descriptors

are typically vector-quantized according to an appearance dictionary

(b). More sophisticated aggregation strategies capture the spatial

relationships between appearance labels. Appearance label co-occur-

rence is one option (c). Part-based methods divide the body into parts,

and the description of corresponding parts determines the matching,

like for the interest operator and the model fitting approaches.

Conversely, for corresponding parts one might attempt to match the

appearance description of the surrounding parts, like it is done for the

shape and appearance context model (d)

4 With a focus on vehicles, related work on appearance models has

been done for reidentification (Guo et al., 2005), tracking (Zhao and

Tao 2005), and category recognition (Ozcanli et al. 2006; Ma and

Grimson 2005).
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very popular for reidentification. In (Damen and Hogg

2007) it is used to associate people dropping off objects to

the same people that pick them up. In (Pham et al. 2007), it

is exploited to retrieve recurrent people from a surveillance

video archive. Gandhi and Trivedi (2007) use histograms to

characterize people with the so-called panoramic appear-

ance map for reidentification in camera networks with

overlapping field of views. In (Madden et al. 2007) histo-

grams are made more robust to illumination variations with

a form of equalization updated with online k-means clus-

tering. Prosser et al. (2008) exploits histograms and builds

on (Javed et al. 2005) to improve the estimation of the

inter-camera brightness transfer function. Finally, Lin and

Davis (2008) rely on a joint color and height histogram as

the low-level feature to train a multi-class classifier for

recognizing people.

Going beyond the representation based on histograms,

there are a number of approaches that use training data to

learn a holistic representation based on different low level

features. This is usually done to make the final model robust

to viewpoint variations. Gray and Tao (2008) use AdaBoost

to learn a strong classifier made of week learners that are

functions of image position and intensity. Lo Presti et al.

(2009) estimates and maintains in each node of a distributed

camera network a Latent Dirichlet allocation model based

on the bag-of-features representation. In (Truong Cong

et al. 2009, 2010) a concatenation of features is used in

combination with an SVM and manifold learning to per-

form reidentification in a lower dimensional space to handle

multiple shots. Teixeira and Corte-Real (2009) update a

bag-of-features model based on SIFT descriptors with

online learning to improve matching. Finally, Bak et al.

(2010b) uses AdaBoost in a cascaded approach for learning

models based on Haar features and color.

Besides the early parts-based approaches (Park et al.

2006; Bird et al. 2005) that identify each part determinis-

tically, and describe them with an histogram, more recently

parts have been identified and described with interest point

operators. In (Hamdoun et al. 2008) reidentification is

based on matching SURF (Bay et al. 2008) interest points,

collected during short video sequences, with a pyramid

matching scheme. Cai et al. (2008) collects signatures of

patches along edges that are matched to corresponding

patches with the help of geometric constraints. Finally,

(Oliveira de Oliveira and de Souza Pio 2009) augments the

SURF descriptor with explicit color information to

improve matching.

Other than interest operator parts-based approaches,

recent works identify body parts in different ways, and also

describe them with a combination of descriptors. Hu et al.

(2008) adopts a fairly elaborate model composed by a

generative and a discriminative model updated with online

learning. The body is decomposed in several parts, each of

which is described with features such as color histograms,

autocorrelograms, and a bag-of-features model based on

SIFT descriptors. Similarly, Schwartz and Davis (2009)

decompose the bounding box of a person in parts, each of

which is described with appearance co-occurrence infor-

mation, color histograms, and gradient histograms. Such

high-dimensional signature is then projected onto a low-

dimensional discriminant latent space by partial least

squares reduction. A learning phase is required to update

the models each time a new person is added to the pool of

signatures used for reidentification. Bak et al. (2010a)

trains specialized HOG detectors (Dalal and Triggs 2005)

to identify body parts, each of which is then represented by

a region covariance descriptor (Tuzel et al. 2006). A spatial

pyramid matching paradigm is adopted for reidentification.

Finally, (Farenzena et al. 2010) divides the body in three

parts by computing body symmetry axis, thus obtaining the

head, torso, and legs. Each part is then represented by color

histograms, maximally stable color region descriptors

(Forssen 2007) and a new patch matching analysis. No

discriminative learning is necessary for this model.

3 Local descriptors

This section introduces the idea of local descriptor, which

is the result of applying basic operations to the pixels of an

image in order to build an appearance model. Computing a

local descriptor allows either to highlight certain charac-

teristics of the raw data, e.g. enhancing the edges, or to gain

robustness / independence with respect to nuisance vari-

ables, e.g. illumination variations.

Let I be an image defined for every pixel x belonging to

a discrete domain K of dimensions M 9 N pixels. In this

exposition I would represent the image inside a tight

bounding box surrounding a person for which an appear-

ance model has to be computed. The symbol U indicates

a generic operation which maps I, and the pixel x, to an

r-dimensional local descriptor vector

uðxÞ ¼ u1ðxÞ; . . .;urðxÞ½ �T ¼: UðI; xÞ: ð1Þ

The operator U may represent either a bank of linear filters,

or a complex non-linear procedure. A couple of operators

that were found to be effective for reidentification are now

introduced. The first one is the histogram of oriented

gradients in the Log-RGB color space (or HOG Log-RGB

operator, in short), the second one is the hue, saturation,

and edgel (or HSV-edgel operator, in short).

3.1 HOG Log-RGB local descriptor

The experimental Sect. 11 reports a comparison between

several bag-of-features models (introduced in Sect. 5)
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using different operators U, such as different color spaces

and filter banks, and tests their matching performance with

the signature (14). What was found to perform very

effectively is the operator U that computes the following

local descriptor

uðxÞ¼:
HOGðr logðIRÞ; xÞ
HOGðr logðIGÞ; xÞ
HOGðr logðIBÞ; xÞ

2
4

3
5; ð2Þ

where IR, IG, IB, are the R, G, and B channels of the image

I, respectively. The operator HOGð�; xÞ computes the ‘ bins

histogram of oriented gradients of the argument, on a

region of w 9 w pixels around x. In particular, the value of

the gradient at pixel x, given by r logðI�ðxÞÞ; is counted, in

the bin identified by the gradient orientation \r logðI�ðxÞÞ;
not by 1 but by the magnitude of the gradient

jr logðI�ðxÞÞj: Note that the gradient of the Log-RGB space

has an effect similar to the homomorphic filtering in that it

makes the descriptor robust to illumination changes.

3.2 HSV-edgel local descriptor

The hue, saturation, and edgel operator describes the color

and the structural information at every location. The color

information is captured by the hue and saturation of a pixel

value. The structural information gives a description of the

edge, provided that there is one at that position. This

description is referred to as edgel. Therefore, the operator

U is such that

uðxÞ¼: IHðxÞ; ISðxÞ;\eðxÞ; eRðxÞ; eGðxÞ; eBðxÞ½ �T ; ð3Þ

where IH, and IS represent the hue and saturation, and e

indicates the edgel. In particular, to overcome the sensitivity

of the hue to changes in illumination and shadows in outdoor

scenes, here it is used the hue definition that is invariant to

brightness and Gamma (Swain and Ballard 1991). For a

given RGB color value the hue is given by

IH ¼ arccos
logðIRÞ � logðIGÞ

logðIRÞ þ logðIGÞ � 2 logðIBÞ
; ð4Þ

as opposed to the traditional definition which is

IH ¼ arctan
0:5½ðIR � IGÞ þ ðIR � IBÞ�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðIR � IGÞðIR � IGÞ þ ðIR � IBÞðIG � IBÞ
p :

ð5Þ

As for the edgel e, it encodes the dominant local boundary

orientation \e (vertical or horizontal), as well as the ratios

between the RGB color components of the two regions on

either side of the edgel. The ratios of the RGB color com-

ponents eR, eG, eB, are each quantized to 4 possible values.

This means that the edgel description ð\e; eR; eG; eBÞ can be

represented with 7 bits.

Note that the direct application of traditional edge

detection algorithms such as (Canny 1986) to images of

clothing produces many spurious responses. Hence, the

HSV-edgel operator is used in conjunction with a spatio-

temporal segmentation algorithm that is particularly suited

to work with cloth appearance, and that generates stable

salient edgels by rejecting edge information that is tem-

porally unstable. Such procedure is described in Sect. 4.

Because of its intrinsic nature, the HSV-edgel operator is

typically used to produce multiple-shots signatures, where

consecutive video frames are available.

4 Salient edgel extraction

This section introduces an algorithm for extracting stable

structural information in the form of edgels which are used for

defining appearance signatures. Even though many articles of

clothing are derived from materials with uniform reflectance

properties, a given type of material may appear quite different

across an image and over time. This is because the surface

normals of loosely-fitting clothing under articulated motion

are highly dynamic. The proposed spatiotemporal segmen-

tation method groups pixels that belong to the same type of

fabric. Stable salient edgels are located at those pixels that are

on the boundaries between two such groupings.

Observe that intra-fabric boundaries are not stable over

time due to folds and wrinkles. This idea is exploited in the

spatiotemporal segmentation. For a given time window an

over-segmentation is performed on each image. This

results in a set of contiguous regions {Ri
t }, where Ri

t is the

i-th region of image It. A graph G ¼ ðV; EÞ is defined for

a set of vertices V ¼ fvt
ig and edges E ¼ fet;t0

i;i0 g where vi
t

corresponds to region Ri
t and ei,i0

t,t0 is an edge connecting

vertices vi
t and vi0

t0. Region grouping is performed by par-

titioning G into a set of clusters. A number of authors

(Moscheni et al. 1998; Patras et al. 2001) have used region

grouping over time for the purpose of foreground-back-

ground separation. However, the objective here differs

from these applications in that the goal is to achieve a

stable segmentation of the foreground. Another example of

spatiotemporal segmentation can be found in (Zitnick and

Kang 2005), which is meant to be consistent across

neighboring frames and is used for video editing.

The over-segmentation used to define V is performed in

two stages. First, a Sobel operator is applied to the fore-

ground of each grey level image and this is followed by

Gaussian filtering. Second, a watershed segmentation

algorithm (Vincent and Soille 1991) is applied. This results

in regions of uniform intensity value for the foreground of

the image, and the method is appropriate for articles of

clothing that are not overly textured.
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Given V; the edge structure can then be defined. Two

types of graph edges are constructed: spatial and temporal.

If two regions Ri
t and Ri0

t share a common boundary, then a

spatial edge ei,i0
t,t is formed. For each region Ri

t, the region

Rtþ1

î
is determined such that Rtþ1

î
has the highest likelihood

of corresponding to the same material as Ri
t. This estab-

lishes the temporal edge et;tþ1

i;î
: The selection of Rtþ1

î
is

determined based on estimates of the motion field, through

the use of the frequency image Htðx; nÞ; defined as

Htðx; nÞ ¼
Xn

k¼0

gðItðxÞ � ItþkðxÞÞ ; ð6Þ

where for a threshold d, g is such that

gðzÞ¼: 1; if jzj\d;
0; otherwise.

�
ð7Þ

For a given region with uniform intensity and uniform

motion, the values of Htðx; nÞ will be higher on the side of

the region that corresponds to the direction of forward

motion. For each overlapping region Ri0
t?1, the integral of

Htðx; nÞ over the intersection of Ri
t and Ri0

t?1 is computed.

The overlapping region with the highest frequency integral

is selected for a temporal edge. See Fig. 2 for an example

of the frequency image.

If two adjacent regions correspond to the same piece of

fabric they will periodically have a similar appearance.

This is because intra-fabric boundaries are inherently

unstable. Based on this, follows the definition of the edge

weight wi,i0
t,t0, which is the cost of grouping two regions

together, given by

wt;t
i;i0 ¼ jKði; tÞ � Kði0; tÞj ; ð8Þ

wt;tþ1
i;i0 ¼

1

3
jKði; tÞ � Kði0; t þ 1Þj ; ð9Þ

where K(i, t) is the median intensity value for region Ri
t.

Note that a temporal edge allows for greater variation in

appearance. In order to partition the graph the following

principle is adopted: two regions should be grouped if there

is a low cost path connecting them through space, time or a

combination of both. This leads to an algorithm based on a

search for clusters that have low-cost spatiotemporal min-

imal spanning trees, which is described in the following

Sect. 4.1

4.1 Graph partitioning

Once the spatiotemporal graph G has been generated for ten

consecutive frames, the graph partitioning algorithm pro-

posed by Felzenszwalb and Huttenlocher (2004) is used for

Fig. 2 Salient edgels. Upper
row over segmentation of the

foreground whole body

appearance information for

frames 0, 3, 6, 9. Lower row
a original image, b frequency

image for n = 10, c final

segmentation after graph

partitioning, d median image for

final segmentation
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grouping spatiotemporally similar regions. The idea is to

merge connected clusters whenever the distance between

them is less than the internal variation of each of the

individual clusters. To efficiently implement this approach

each cluster C is represented by the minimum spanning tree

EC passing through all its vertices VC: The maximum edge

weight of the minimum spanning tree is used to define the

internal variation DC of the cluster C, i.e.

DC¼: maxfwt;t0

i;i0 : et;t0

i;i0 2 E
Cg: ð10Þ

Given two clusters Ch and Ck, the inter-cluster distance

DðCh;CkÞ is defined as the lowest edge weight between

them, i.e.

DðCh;CkÞ¼
:

minfwt;t0

i;i0 : vt
i 2 VCh ; vt0

i0 2 VCk ; et;t0

i;i0 2 Eg:
ð11Þ

Two clusters are merged if the inter-cluster distance is

small when compared to the internal variation of the

individual clusters. Specifically, clusters Ch and Ck are

merged if

DðCh;CkÞ� min DCh þ
j
jChj

;DCk þ
j
jCkj

� �
; ð12Þ

where |C| is the size of cluster C. The term j/|C| is based on

the size of the cluster and encourages the formation of

larger clusters. Since at the beginning of the merging

process the internal variation of very small clusters tends to

be too small, without that term the merging process would

stop prematurely.

A greedy algorithm is proposed in (Felzenszwalb and

Huttenlocher 2004) to obtain the graph segmentation that

satisfies the above conditions. All edges in the spatiotem-

poral graph are sorted according to non-decreasing edge

weights, and are then processed in that order. Let an edge

ei,i0
t,t0 between two separate clusters Ch and Ck be the one

under consideration. If wt;t0

i;i0 � minfDCh þ j=jChj;DCk þ
j=jCkjg; then Ch and Ck are merged and the edge ei,i0

t,t0 added

to the minimum spanning tree of the combined cluster.

This step is repeated until all edges have been processed. It

has been shown that the segmentation produced by the

above algorithm is optimal in that the maximum edge

weight for the minimum spanning tree for each cluster is

smaller than the weights of all edges to each of their

neighboring clusters. See Fig. 2 for an example of the

application of this algorithm.

5 Histogram-based appearance models

In this section the HSV-edgel descriptor and the HOG Log-

RGB descriptor are used to build two holistic models of the

whole body appearance of an individual. They are referred

to as the bounding box model and the bag-of-features

model, and they are both based on a histogram represen-

tation of the foreground appearance of the individual.

Once an operator U has been applied to the image, the

computation of an histogram is made through the following

steps. The first one performs a quantization, indicated by

the function q, of each of the vectors u; for every x that

belongs to the foreground. q is such that the composition

q � u assumes values in a cartesian product of finite sets,

each of which represents quantization levels. The second

step computes the histogram h by doing the frequency

count of the levels either jointly or separately within each

set. In the latter case h results in a concatenation of his-

tograms, each of which describes the distribution of the

levels of one set.

5.1 Bounding box model

This model computes the HSV-edgel descriptor for every

foreground pixel and then computes a histogram h, which

is the concatenation of two parts. The first one performs the

frequency count of the joint quantization of the hue and

saturation channels IH, and IS. Similarly to (Mikolajczyk

et al. 2004), the second part of h represents the structural

qualities of the region through the edgels, each of which is

quantized according to the 7 bits representation introduced

in Sect. 3.

During matching, the distance between two models (or

signatures) hi and hj is defined by the intersection histo-

gram (Swain and Ballard 1991), i.e.

dðhi; hjÞ ¼ 1� 2

P
a minfhiðaÞ; hjðaÞgP

a hiðaÞ þ hjðaÞ
; ð13Þ

where a is the variable that indexes a particular histogram

bin.

5.2 Bag-of-features model

This model computes the HOG Log-RGB descriptor at

every foreground pixel and then performs a vector quan-

tization according to q, with quantization levels repre-

sented by A ¼ fa1; . . .; amg: This produces the appearance

labeled image A¼: q � u (see Fig. 3 for an example). The

set A is referred to as the appearance dictionary, made of

appearance labels learnt off-line. The following step is to

compute the histogram of the labels h, which can be

interpreted as follows. If a pixel position x is randomly

selected, the probability5 of that pixel being labeled with a

is h(a), i.e.

hðaÞ¼: P½AðxÞ ¼ ajx 2 K�: ð14Þ

5 P½�� indicates a probability measure.
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At matching time, two models hi, and hj are compared with

the L1 norm. Finally, the appearance dictionary A is learnt

off-line by applying k-means clustering to the training data.

6 Appearance context modeling

When two people are dressed up differently but with

roughly the same amount of body surface covered with the

same colors, they will likely have similar histogram-based

signatures, regardless of how the colors are distributed in

space. This is a major limitation of all the holistic models

based on histograms because it significantly reduces their

distinctive power. This issue is addresses here by describ-

ing a model that besides computing the histogram of the

appearance labels, it describes how they are distributed by

evaluating their spatial co-occurrence. Before defining the

model, Sect. 6.1 introduces some notation and the general

notion of occurrence.

6.1 Occurrence

Let S : K! S; and A : K! A be two functions defined on a

discrete domain K of dimensions M 9 N, and assum-

ing values in the label sets S ¼ fs1; . . .; sng and

A ¼ fa1; . . .; amg respectively. Also, letP ¼ fp1; . . .; plg be

a partition such that
S

i pi represents the plane, and

pi \ pj ¼ ;, for i = j (see Fig. 4 for an example). Given

p 2 P and a point on the plane x, the quantity p(x) indicates

the partition element p, only translated by x, i.e. pðxÞ¼: fxþ
yjy 2 pg: Also, the quantity hða; pðxÞÞ indicates the histo-

gram, or probability distribution, of the labels of A located in

the region pðxÞ; i.e. hða; pðxÞÞ¼: P½AðzÞ ¼ ajz 2 pðxÞ�:
In other words, for a given A, after randomly selecting a point

z 2 pðxÞ; the probability that the label at that point will be a is

given by hða; pðxÞÞ: Finally, let Ds indicate the set of points x

with label s 2 S; i.e. Ds¼: fxjSðxÞ ¼ sg: The definition of

occurrence is given as follows (see Fig. 4).

Definition 1 The occurrence is a function H : A� S�
P ! Rþ; such that the point (a, s, p) maps to

Hða; s; pÞ¼: E½hða; pðxÞÞjDs�: ð15Þ

The notation E½�jD� indicates the expectation with respect

to a uniformly distributed random variable x assuming

values in D. The meaning of the occurrence function is the

following: Given S and A, for a label s = S(x) the histo-

gram of the labels A over the region p(x) of A on average

is given by Hð�; s; pÞ: One special case is given when

S ¼ A; and SðxÞ ¼ AðxÞ; where H is typically referred to

as co-occurrence. For a label a ¼ AðxÞ it says that the

histogram of labels over the region pðxÞ on average is

Hð�; a; pÞ:

6.2 Appearance context model

This model is obtained by computing the same local

descriptor and quantization steps performed by the bag-of-

features model. Subsequently, rather then forming the

histogram of the labels, the model computes the co-

occurrence H of the appearance labeled image A with the

plane partition P depicted in Fig. 9. Such appearance

context signature is an m 9 m 9 l matrix. The plane par-

tition P is made of p1; . . .; pl; L-shaped regions. Every

quadrant of the plane is covered by l/4 regions (or partition

elements). Each of the L-shape is 4N/l and 4M/l thick along

the x1 and x2 directions, respectively. Therefore, the set of

regions {pi} can be partitioned into groups of 4 elements

forming concentric square rings.

Fig. 3 Data set and shape and appearance labeled images. From left
to right. Two samples from the data set of 143 different individuals,

recorded from 3 different viewpoints, with corresponding shape

labeled image S, and appearance labeled image A. Note that the

decomposition into parts performed by S tries to compensate the

misalignment induced by pose and viewpoint changes, as well as

person bounding box imprecisions. Also, neighboring pixels have

similar shape context, which get quantized to the same label, thus

producing the ‘‘piecewise-like’’ segmentation into body parts. As a

welcome side effect, the occurrence computation takes great advan-

tage of this segmentation, as CS ends up being very small
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The model captures the spatial arrangement of the

appearance in the sense that for a label a, the co-occurrence

Hð�; a; pÞ encodes the probability distribution of the labels

in several spatial regions p, relative to the label a. Also, the

information carried by the model (14) is included in the

appearance context. In fact, by using Eq. 24 one can show

that H reduces to Eq. 14. In particular, for every b 2 A the

following holds

hðaÞ ¼ 1

jKj
X
p2P
jpjHða; b; pÞ ; ð16Þ

where j � j identifies the area, or size of the argument. Sec-

tion 7 derives a fast procedure, based on the integral rep-

resentation of the image, for computing the co-occurrence.

Concerning invariance properties, the co-occurrence is

known to be translation invariant. It can be made rotation

invariant by choosing partition elements {pi} that are

concentric circular rings. It is also robust to affine and pose

changes (Huang et al. 1997; Savarese et al. 2006). The co-

occurrence is not invariant with respect to the size of the

image I. In order to have this property, before computing

the appearance context the image needs to be normalized in

size. Because of the morphology of the partition P; the

appearance context is not rotation invariant. For reidentif-

ication purposes this is a desirable property as it increases

distinctiveness. In fact, lack of rotation invariance allows to

have very large discrepancies between the models of a

person wearing a white T-shirt and black pants versus a

person wearing a black T-shirt and white pants.

7 Fast occurrence computation via integral

representation

This section introduces a generalization of the popular inte-

gral representation of images known as integral image (Viola

and Jones 2004). Then, it shows how this idea and formalism

can be used to derive a computationally efficient algorithm

for calculating the occurrence and the co-occurrence.

7.1 Integral representation

This section introduces a unified framework that general-

izes the integral representation of images, and shows how

such framework can be used for the fast computation of

statistics not only over simple rectangular domains, but also

over general non-simply connected rectangular domains.

Given a function f ðxÞ : Rk ! R
m; and a rectangular

domain D ¼ ½u1; v1� � � � � � ½uk; vk� � R
k; if there exists an

antiderivative6 FðuÞ : Rk ! R
m; of f(x), thenZ

D

f ðxÞ dx ¼
X
m2Bk

ð�1Þm
T 1Fðm1u1 þ �m1v1; . . .; mkuk þ �mkvkÞ ;

ð17Þ

where m ¼ ðm1; . . .; mkÞT ; mT 1 ¼ m1 þ � � � þ mk;�mi ¼ 1� mi;

and B ¼ f0; 1g: k = 1 and k = 2 correspond to the

popular linear and planar cases, i.e.Z

D

f ðxÞdx ¼ Fðv1Þ � Fðu1Þ ; ð18Þ

andZ

D

f ðxÞdx ¼ Fðv1; v2Þ � Fðv1; u2Þ � Fðu1; v2Þ

þ Fðu1; u2Þ ; ð19Þ

respectively. Equation (17) defines a way for evaluating the

integral of f ðxÞ that is very attractive when such quantity

has to be repeatedly computed for different domains D.

This is due to the following:

• In the discrete domain one specification of F(u) can

always be found, e.g.

FðuÞ ¼
X
x�u

f ðxÞ ; ð20Þ

where x� u is intended as u1� x1; . . .; uk � xk:FðuÞ
here is referred to as the integral representation of f(x).
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Fig. 4 Partition and occurrence definition. From left to right example

of a generic partition of the plane P; example of a function S, and of a

function A; representation of H: If hða; p4ðxÞÞ is the normalized count

of the labels of A in p4ðxÞ (the partition element p4 translated at x),

then by averaging hða; p4ðxÞÞ over all x 2 fyjSðyÞ ¼ s3g¼: Ds3
one

obtains Hða; s3; p4Þ (red line). The dots over S highlight the corner

points r � Ds3

6 If the Fubini’s theorem for indefinite integrals holds, then F(x)

exists.
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• F(u) can be computed from a single pass inspection7 of

f(x), i.e. with computational cost O(Nk), where Nk

represents the dimension of the discrete domain where

f(x) is defined.

• Equation (17) enables the computation of statistics over

the rectangular domain D in constant time O(1),

regardless of the size of D.

Some relevant specific cases of integral representation

include the one where k = 2, m = 1, and f(x) is a grayscale

image, i.e. f ðxÞ¼: IðxÞ; then F(u) is referred to as the

integral image of I(x) (Viola and Jones 2004). If f ðxÞ¼: e �
q � IðxÞ; where q : R! A is a quantization (labeling)

function, with quantization levels A ¼ fa1; . . .; amg; and

e : A ! N
m is such that ai 7!ei; where ei is the unit vector

with only the i-th component different then 0, then F(u) is

the so called integral histogram of I(x) with respect to q

(Porikli 2005). In general, one has the freedom to design

f(x) in the best possible way in order to take advantage of

the properties of the integral representation.

7.1.1 Computing statistics

By using the notation E½�jD� introduced in Sect. 6.1 one

can write the expression of simple statistics, such as the

mean8 of f(x), where x is intended as a uniform random

variable assuming values in D, i.e.

E½f ðxÞjD� ¼ 1

jDj

Z

D

f ðxÞdx: ð21Þ

Similarly, the covariance of f(x) over D can be expressed as

E½ðf ðxÞ � E½f ðxÞjD�Þðf ðxÞ � E½f ðxÞjD�ÞT jD�

¼ 1

jDj

Z

D

gðxÞdx� 1

jDj2
Z

D

f ðxÞdx

Z

D

f ðxÞT dx ; ð22Þ

where gðxÞ : Rk ! R
m�m is such that x 7! f ðxÞf ðxÞT :

Higher-order moments could be written in this manner as

well.

As the reader may notice, Eqs. 21 and 22 evaluate the

left-hand side by computing integrals of either the function

f(x), or g(x) over the domain D. Therefore, these operations

can take advantage of the result expressed by Eq. 17. This

means that one can first compute the integral representation

of f(x) and/or g(x), and then evaluate the integral over D by

performing a constant-time operation with computational

complexity O(1) thanks to (17). This is true regardless of

the particular size of D. Note that, this way of computing

statistics requires a previous evaluation of the integral

representation of each function. Therefore, this method

becomes extremely efficient when the user is required to

repeatedly compute similar statistics corresponding to dif-

ferent domains, given that the integral representation does

not need to be recomputed.

The expressions (21) and (22) assume very different

meanings according to the choice of f(x). For instance, in

the integral image they represent mean and covariance of

the pixel intensities over the region D. On the other hand,

in the integral histogram, (21) is the histogram of the pixels

of the region D, according to a quantization q. In (Tuzel

et al. 2006), (22) is used as an image region descriptor

where f(x) is the output of a bank of filters applied to the

input image I(x). In (Doretto and Yao 2010), (21) is used to

perform the fast computation of region descriptors based

on a generalization of image moments. In (Ke et al. 2005)

(21) is used to extract volumetric features by maintaining

an integral video representation of a sequence of images.

7.1.2 Domain generalization

The use of the integral representation has been mostly

applied to regions D that are simple rectangles. Here the

use of Eq. 17 is conveniently extended to the case of

domains identified as follows (see Fig. 5 for a more intu-

itive representation).

Definition 2 D � R
k is a generalized rectangular domain

if his boundary qD is made of a collection of portions of a

finite number of hyperplanes perpendicular to one of the

axes of Rk:

For instance, the middle part of Fig. 5 shows in gray a

generalized planar rectangular domain D � R
2: As it can

be seen, the boundary qD (represented by the bold lines)

are made by a collections of segments, each of which is

perpendicular to one of the two axes x1, or x2.

If r � D indicates the set of corners of D, the following

theorem describes how Eq. 17 extends to the case of gen-

eralized rectangular domains.

Theorem 1Z

D

f ðxÞdx ¼
X

u2r�D
aDðuÞFðuÞ ; ð23Þ

where aD : Rk ! Z; is a map that depends on k. For k = 2

it is such that aDðuÞ 2 f0;	1;	2g; according to which of

the 10 types of corners depicted in Fig. 5, u belongs to.

Theorem 1, proved in Appendix, says that if D is a

generalized rectangular domain, one can still compute the

integral of f(x) over D in constant time O(1). This is done

by summing up the values of F(u), computed at the corners

u 2 r � D; and multiplied by aDðuÞ; which depends on the

7 The single pass inspection of f(x) is the k-dimensional extension of

the 2-dimensional version described in (Viola and Jones 2004; Porikli

2005).
8 The operation j � j applied to a domain or a set indicates the area or

the cardinality, respectively.
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type of the corner. For the planar case the types of corners

are depicted in Fig. 5. Therefore, given any discrete

domain D, by simply inspecting the corners to evaluate aD,

one can compute statistics over D in constant time O(1).

This simple and yet powerful result enables designing and

computing fast and sophisticated region based image fea-

tures, like the one in the following section.

7.2 Fast occurrence computation

This section introduces an algorithm for the fast compu-

tation of the occurrence and co-occurrence. The derivation

is based on the fact that the occurrence is computed over a

discrete domain K; where every possible sub-domain is a

(discrete) generalized rectangular domain, and all the

results of Sect. 7.1 can be applied, which lead to the fol-

lowing Theorem.

Theorem 2 The occurrence (15) is equal to

Hða; s;pÞ ¼ jDsj�1jpj�1
X

x2r�Ds;y2r�p
aDs
ðxÞapðyÞGða;xþ yÞ ;

ð24Þ

where

Gð�; xÞ ¼
Zx

�1

Zu

�1

e � AðvÞdvdu; ð25Þ

and9 e : A ! N
m is such that the inner integral is the

integral histogram of A.

Theorem 2, proved in the Appendix, leads to Algorithm

1. Note that even though the occurrence has been intro-

duced for S and A defined on a two-dimensional domain,

the definition can be generalized to any dimension, and

Theorem 2 still holds.

7.2.1 Complexity analysis

Given S and A, the naive approach to computing H has a

time complexity of O(N4), where it is assumed that M*N,

which is too slaw for real-time applications, even if N is not

very large. In (Huang et al. 1997) a dynamic programming

approach reduces the cost to O(N3). In (Savarese et al. 2006)

a particular partition P where every p 2 P is a square ring

defined by jr � pj ¼ 8 corners enables a computation cost10

of OðN2ljr � pjÞ ¼ OðN2CPÞ; where CP ¼
:

ljr � pj repre-

sents the total number of corners of P:
The computational cost of Algorithm 1 is computed as

follows. Line 2 can be evaluated by a single pass inspection

of A, and has the same computational cost of an integral

histogram,11 i.e. O(N2). Line 3–7 is another single pass

inspection of S with cost O(N2). Line 12 costs O(1). Line

11 is an average multiplying factor of CP=l; where

CP¼:
P

i jr � pij: Line 10 is an average multiplying factor

of CS/n, where CS¼:
P

i jr � Dsi
j: Line 8 and 9 are multi-

plying factors of n and l respectively. Therefore, the cost of

8–14 is OðCSCPÞ: Finally, the total cost of Algorithm 1 is

OðN2 þ CSCPÞ; where in practice CsCP 
N2: Therefore,

Algorithm 1 has an effective cost of O(N2), which is CP
(the number of corner points of the partition P) times faster

then the one in (Savarese et al. 2006). It is interesting to

note that Algorithm 1 is only marginally sensitive to the

choice of the partition P, which is allowed to be arbitrary,

as opposed to (Savarese et al. 2006) where it is fixed.
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Fig. 5 Generalized rectangular domain and corner types. Top-left

decomposition of R
2 into his four quadrants O11;O01;O00;O10.

Bottom-left example of a corner x with the corresponding values

assumed by the function bx: Middle Example of a generalized

rectangular domain D, partitioned into simple rectangular domains

{Ri}. Right Function aDðxÞ: It assumes values different then zero only

if x is a corner of D. The specific value depends on the type of corner.

For the planar case there are only ten types of corner, depicted here

along with the corresponding values of aD

9 Note that a 2 A is intended to index one of the elements of the
m-dimensional vector Gð�; xÞ:

10 In (Savarese et al. 2006) jr � pj is part of the hidden constants.

Here the dependency is made explicit to better compare that approach

with this one.
11 Note that the analysis conducted here is independent of the

cardinality of the label sets S and A:
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8 Parts-based modeling by interest-point matching

This section introduces a parts-based appearance model

where an interest operator is used to identify parts and

establish correspondences between individuals. Given an

image of a person, the Hessian affine invariant interest

operator (Mikolajczyk et al. 2005) is used to nominate

points of interest. The operator is limited to foreground

patches extracted by a foreground-background separation

algorithm (Gheissari et al. 2006). The Hessian operator is

not stable over time. However, when compared to other

methods (Mikolajczyk et al. 2005), it provides a large

number of interest points and it is more informative with

respect to color variation. This increases the probability of

generating true correspondences between images of the

same individual. For each interest point i, a feature vector

hi is generated based on a circular support region D(i, q) of

fixed radius q centered at pixel position i. The feature is of

the type described in Sect. 5 used for building the bounding

box model, which is the histogram of the spatiotemporal

HSV-edgel local descriptor. In order to limit the influence

of foreground segmentation errors, interest points that

contain large amounts of background are not considered.

When two images I and J are compared, an initial set of

correspondences are nominated. The merit of a potential

match ði! jÞ is evaluated using Eq. 13. Inverse matching is

used to ensure consistency of the correspondences. For each

interest point i in image I, the most likely correspondence i0 in
image J is determined. If the distance between the signatures

of i and i0 is below a threshold, then the most likely interest

point i00 in image I corresponding to point i0 is determined. If

the Euclidean distance between i and i00 is smaller than a

threshold, then the correspondence ði! i0Þ is accepted.

A final validation stage is used to prune the initial cor-

respondences. The support regions for corresponding

interest points are expanded iteratively in the vertical

direction. Again a feature vector for each expanded region

is computed and compared with the distance (Eq. 13). The

process continues for a fixed number of iterations or until

there is too much overlap with the background. If the

distance between the two signatures remains below a fixed

threshold, the correspondence is accepted into the final set

of correspondences.

The score given to the match between images I and J is

based on the cardinality of the final set of correspondences.

Two examples of this matching process are shown in

Fig. 6. The efficacy of this matching algorithm is evaluated

in Sect. 11.

9 Parts-based modeling via model fitting

In contrast to the interest operator algorithm, here it is

considered a model-based approach that generates a cor-

respondence between different body parts such as the head,

arms, legs and torso. In other words, this allows to match

the torso of an individual in one scene with the torso in the

Fig. 6 Interest operator matching. Two examples of the interest

operator matching algorithm. On the left are two images that are to be

compared. On the right are the identified correspondences and

associated circular support regions
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second scene and so on. This presents a significant chal-

lenge as the relative location of arms, legs and torso of an

individual varies from one scene to another. This is

addressed by using a model-based top-down segmentation

of an individual in a scene where the different parts are

accurately localized. This segmentation is used to establish

the correspondence between the parts in two scenes, which

facilitates a comparison of their appearances.

A decomposable triangulated graph is used here as the

method for model fitting to people. See Fig. 7 for an exam-

ple. Several researchers have used decomposable triangu-

lated graphs to represent deformable shapes (Amit and Kong

1996; Song et al. 2003; Felzenszwalb 2005; Zhang et al.

2003; Doretto and Soatto 2006; Wu et al. 2008). These

graphs are a collection of cliques of size three and have a

perfect elimination order for their vertices, i.e., there exists an

elimination order for all vertices such that (1) each elimi-

nated vertex belongs only to one triangle, and (2) a decom-

posable triangulated graph results from eliminating the

vertex. As these graphs support a perfect elimination order,

the model optimization can be efficiently done by using a

dynamic programming algorithm (Amit and Kong 1996).

The decomposable triangulated graph is used for mod-

eling and segmenting people in a scene using an energy

minimization approach that is now described. The starting

point for the model-fitting algorithm is the bounding box of

the person of interest. Let the model be a decomposable

triangulated graph T made of a finite number of triangles

{Ti }. The problem is to estimate a function g that maps the

model to the image domain such that the consistency of the

model with salient image features is maximized, and

deformations of the underlying model are minimized. This

function g is restricted to being a piecewise affine map

(Felzenszwalb 2005), where the deformation of each tri-

angle giðTiÞ in the model is an affine transformation. The

energy functional to be minimized E(g, I) can then be

written as a sum of costs, with one set of costs for each

triangle in the model. Specifically,

Eðg; IÞ ¼
X

i

Eiðgi; IÞ ¼
X

i

Edata
i ðgi; IÞ þ Eshape

i ðgiÞ ð26Þ

where I denotes the underlying image features. The data

terms pull the model towards the salient image features,

whereas the shape terms penalize large deformations of the

model.

The shape and data costs for each triangle in the model

are now formulated. The shape cost for each triangle is

defined in terms of the decomposition of its affine trans-

formation into the product of a rotation R and a scale-shear

matrix S, defined as

A¼: cos w � sin w
sin w cos w

� �
sx sh

sh sy

� �
¼: RðwÞS: ð27Þ

The rotation matrix R is the projection of A onto the special

orthogonal group SOð2Þ (Ma et al. 2004). S and R can be

computed in closed form via singular value decomposition.

The shape term is then defined as

Eshape ¼ log
k1

k2

� �2

þ logð1þ shÞ2; ð28Þ

where k1 and k2 are the eigenvalues of the scale-shear

matrix. The first term is the log-anisotropy term and

penalizes changes in height-width ratio (Bookstein 1986;

Felzenszwalb 2005), while the second term penalizes

shear.

The data cost in the energy functional attracts the model

to salient image features. Note that the decomposable tri-

angulated graph has both boundary edges and interior

edges, and that the data costs are defined only for boundary

edges. The data cost for all interior edges is zero. Two

complementary sets of image features are used to define the

data cost: salient edges in the image which are detected

using Canny (1986), and the foreground mask obtained

from the foreground-background separation (Gheissari

et al. 2006). Note that the model fitting approach is less

sensitive to the presence of spurious edges than to missing

ones, hence a combination of Canny edges and spatio-

temporal foreground mask to compute the data cost is used.

After the extraction of edges a Euclidean distance trans-

form is applied to obtain the edge feature image L. The

edge cost measures how far a boundary triangle edge is

from Canny edges. The average edge feature value along

the sampled triangle edge e is used as the edge cost, i.e.,

A B

Fig. 7 Decomposable triangulated person model. a An example of a

decomposable triangulated graph used as a person model. The solid
(blue) edges correspond to the boundary of the person while the light
(red) edges are interior edges. Note that only models without arms are

considered, mostly because the individuals in the dataset have their

arms next to their torso. b Partitioning of the person into body parts

used for generating signatures for comparison (color figure online)
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Eedge ¼ 1

jej

Z

x2e

LðxÞdx: ð29Þ

The foreground cost measures consistency of the model

with the foreground mask and is defined by the relative

number of foreground pixels in a window on either side of

the boundary triangle edge

Efg ¼ 1� Nfg
1

N1

� Nfg
2

N2

					

					 ; ð30Þ

where N1
fg and N1 are the number of foreground pixels and

total number of pixels on one side of the window. N2
fg and

N2 are similarly defined for the other side. Note that this

term is small when the boundary edge is along the fore-

ground mask.

The dynamic-programming algorithm for computing the

optimal deformation of the model is now described. The

problem is to find g that maps the vertices of the model to

image locations, and that minimizes the energy functional

in Eq. 26. The dynamic programming approach does an

exhaustive search of the candidate locations to find the

global optimum. The search space for the candidate loca-

tions of the vertices of the model is restricted to the

boundary of the foreground mask and Canny edges. Since

the triangulated model used here has a perfect elimination

order and the cost defined in Eq. 26 is extensible, a serial

dynamic-programming algorithm (Amit and Kong 1996;

Felzenszwalb 2005) can be used for optimization. At each

iteration of the algorithm, the perfect elimination order is

used to eliminate one vertex from the model, and its

optimal location is encoded in terms of its two adjacent

vertices. This process is repeated until all vertices are

eliminated. The final location of all vertices in the model is

computed by standard backtracking. Figure 8 shows the

results for two representative cases.

Once the model fitting is done, the appearance model for

an individual is computed as follows. The individual is

partitioned into salient body parts using the fitted model as

illustrated in Fig. 7. As an example, consider how the sig-

nature is generated for the upper torso. Using all the trian-

gles that correspond to the upper torso (colored red in Fig. 7)

the appearance and structure is described by a histogram of

the same type that is used in the bounding box model of

Sect. 5, which is based on the spatiotemporal HSV-edgel

local descriptor. Similarly, the signatures for all the other

body parts are computed and compared using Eq. 13.

10 Shape and appearance context modeling

This section introduces an extension of the appearance

context model. Like in Sect. 6, the model aims at describing

the spatial occurrence of appearance labels. However, this is

done with respect to specific parts of the body of an indi-

vidual. Doing so should make the appearance model more

distinctive, as highlighted by the following example.

Let us examine the appearance labeled image of a per-

son as it is depicted in Fig. 9(right), and denote with Df and

Dh the parts pertaining to the face and hand regions

respectively. Notice that these are the only regions that

have been assigned the label a1 2 A: By using the notation

introduced in Sect. 6.1, Da1
can be expressed as Da1

¼
Df [ Dh: Notice also that the region of the torso, arm, and

hair has been assigned the label a2 2 A: Given a1 and a2

the appearance context model can be divided in two

components as follows

Hða2;a1;pÞ ¼
Df

Da1

E½hða2;pÞjDf �

þ Dh

Da1

E½hða2;pÞjDh�¼: hf ðpÞþ hhðpÞ : ð31Þ

The quantity hf(p) is an histogram that represents the

occurrence of the label a2 in regions of the plane that with

respect to the face region are defined by p. Similarly hh(p)

represents the occurrence of a2 in regions of the plane that

with respect to the hand region are defined by p. Fig. 9

Fig. 8 Model fitting. This figure illustrates two examples of fitting

the decomposable triangulated model to individuals. The cropped

image, edge feature image, foreground mask, and fitting results are

shown from left to right. The (green) dots show the candidate

locations for the model points. Observe that the model fits well to the

individuals despite the presence of bags, shadows, additional interior

edges due to different clothing etc (color figure online)
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sketches a color coded version of hf(p), hh(p), and their

sum, which matches the color coding of the plane partition

P with L-shapes depicted on the left. hf(p) highlights that

with respect to the face, a2 is mostly present in the blue and

yellow quadrants of P: hh(p) highlights that with respect to

the hand, a2 is mostly present in the red and green quad-

rants of P: Finally, hf ðpÞ þ hhðpÞ shows that with respect

to where a1 is located, a2 is roughly uniformly distributed

over all the quadrants.

The toy example points out that averaging hf and hh has

caused a loss of information, and therefore descriptive

power. From an information theoretic point of view, two

unimodal distributions have merged to obtain an almost

uniform distribution, with a significant increase of entropy.

Thus, this observation is suggesting that if it was possible

to identify the parts of a given person, it would be more

descriptive to capture the spatial occurrence of the

appearance labels with respect to each of the parts rather

than to each of the appearance labels.

Following the idea just expressed, it arises the need to be

able to identify body parts. This is done by introducing an

appearance based approach that given the bounding box

image I containing an individual, it computes a shape

labeled image, where each label always attempts to identify

the same part of the body. The procedure to compute it is

inspired by the idea of shape context (Belongie et al. 2002;

Mori and Malik 2006). Given the image I, this is processed

according to a local descriptor operator that at every pixel x

computes a d-dimensional descriptor x(x). The experi-

mental Sect. 11 reports results with different choices of

operators for computing x. It was found that a fast and

reliable option is such that xðxÞ ¼ HOGðrIL; xÞ; where IL

is the L channel of the Lab color space of I. From x, at

every pixel a form of shape context descriptor w 2 R
s is

computed according to the following expression

wðxÞ¼: ðE½xjp1ðxÞ�; . . .; E½xjps=dðxÞ�Þ: ð32Þ

Here fp1; . . .; ps=dg indicates a plane partition of the same

kind used for the appearance context descriptor, but with s/d

L-shaped regions rather then l (see Fig. 9). The shape context

descriptor w is then vector quantized according to a quanti-

zation (labeling) function q : Rs ! S; with quantization

levels defined by a shape dictionary S ¼ fs1; . . .; sng; made

of shape labels learnt off-line with unsupervised clustering.

This produces the shape labeled image SðxÞ¼: q � wðxÞ:
Neighboring pixels have similar shape context descriptors.

Therefore, the quantization process produces a ‘‘piecewise-

like’’ segmentation of the image into regions Dsi
¼

fxjSðxÞ ¼ sig; which are meant to always identify the same

region/part of the object of interest (see Fig. 3).

Given the image I inside the bounding box containing an

individual, let A be its appearance labeled image, and let S

(defined over K) be its shape labeled image, then the shape

and appearance context model of I is the occurrence H
computed over S and A, which is an m 9 n 9 l matrix.

Similarly to the appearance context model, the information

carried by the descriptor in Eq. 14 is included in this one as

well. Note that, as a welcome side effect concerning the

computational complexity, because of the piecewise type

of segmentation of the image, CS ends up being very small,

and the occurrence computation becomes much faster.

Finally, as for the appearance context model, matching two

shape and appearance context models is done via L1 norm.

The shape and appearance context enjoys the same

invariance properties of the appearance context. However,

it should be noted that translation invariance is lost if the

same parts of an object are labeled differently in different

images, e.g. an arm labeled as a leg. This means that

trivially using a fixed mask to roughly identify object parts

under pose and viewpoint changes as well as object

bounding box imprecisions, can significantly decrease the

performance of the model. The decomposition into parts

with the shape labeled image tries to compensate exactly

those variations (see Fig. 3).

11 Experiments

This section describes a series of experiments that have

been carried out by testing the reidentification, or matching

capabilities, of the models introduced, on a dataset that was

acquired by a camera network deployed in typical outdoor

surveillance settings.

11.1 Camera network setup and dataset

In order to test the proposed models it has been used a video

dataset acquired by a network consisting of three cameras.

2

1γ

γ

x1

x2

+

=

a1 =
a2 = hf

hh

Fig. 9 L-shaped partition and appearance context averaging effect.

From left to right. Sketch of the L-shaped plane partition used in

Sect. 6 ðc1 ¼ 4N=l; c2 ¼ 4M=lÞ; and Sect. 10 ðc1 ¼ 4Nd=s; c2 ¼
4Md=sÞ: Illustration of the averaging effect when appearance context

descriptors are pooled from the entire body of an individual. As

pointed out in Sect. 10, the sum hf þ hh is less informative than hf and

hh alone. The notion of body parts maintains these contributions

separate, which enhance the specificity of the descriptor
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The approximate layout is shown in Fig. 10, which shows

that the cameras have non-overlapping field of views. The

subjects were recorded while entering a corporate campus

and were in no way coached or rehearsed.

For every person in each view, two to four key frames

were selected to form the measurements of the identity of

that individual. For every keyframe, a tight bounding box

of the person is also recorded, the typical size of which is

about 80 9 170 pixels. Such information is provided

automatically by a multi-camera multi-target tracker (Tu

et al. 2007). Some of the algorithms have been tested on a

baseline dataset comprising 44 different identities, to which

99 more individuals were later added. Some images of the

dataset are shown in Fig. 3, Fig. 10, and Fig. 11 from

which the different poses in different views can be noticed.

11.2 Reidentification evaluation

Each image in the dataset is indexed as Itic where i encodes

the person id, t encodes the time or key frame number, and

c encodes the camera view. All the reidentification models

are evaluated in the following manner:

• Each image Itic is compared against the set of images

{Itic’} such that c0 = c.

• For each person/camera combination, the maximum

ranking true match for all its key frames is determined.

• The number of times that a maximum ranking true

match is higher than a given value is then tabulated.

This produces the so called cumulative match charac-

teristic (CMC) curves (Moon and Phillips 2001), which

tell the rate at which the correct match is within the top

k ranked identities. Here the tabulation is done for k that

varies from 1 to 20.

This evaluation scheme is analogous to a standard sur-

veillance scenario where an operator would query a person

reidentification system with multiple images of the same

individual captured over a short period of time from a

particular camera. Any hits from these queries would result

in a success.

11.3 Models based on the spatiotemporal HSV-edgel

descriptor

The bounding box model (Sect. 5), the interest operator

model (Sect. 8) and the model fitting approach (Sect. 9)

share a couple of important characteristics. The first one is

that they are all based on the spatiotemporal HSV-edgel

descriptor. The second one is that they do not require any

form of training before using them. Here they are evaluated

together with the dataset and procedure explained above.

Figure 11 reports the performance of the three algo-

rithms. The model fitting approach has the highest

matching rate with approximately 60% of the queries

achieving a top ranking true match and over 90% of the

queries generating a true match in the top ten. The interest

operator method achieves a top ranking true match 25% of

the time and a true match is found in the top ten 65% of the

time. It should be noted that the performance of this

approach may improve with higher image resolution. The

performance of the baseline bounding box approach is

comparable to that of the interest operator approach. Fig-

ure 11 shows the top ranking images for a number of

queries using the model fitting algorithm.

11.4 Training and testing

The bag-of-features model (Sect. 5), the appearance con-

text model (Sect. 6), and the shape and appearance context

model (Sect. 10) require a training phase in order to learn

the appearance dictionary as well as the shape dictionary.

This is done by applying k-means clustering12 to the two

sets of local descriptors computed on the training set

Camera 1

Camera 2

Camera 3

Fig. 10 Camera network setup.

Left the layout of cameras used

for collecting the data for the

experiments. Camera 2 is placed

roughly at twice the height of

Cameras 1 and 3. Right the

representative samples of key

frames for four individuals from

all three camera views

12 Note that other clustering options could be explored, like (Jurie

and Triggs 2005; Philbin et al. 2008).
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according to (32), which is the HOG Log-RGB local

descriptor, and according to (2), which is the shape context

local descriptor. For training, 30% of the images of the

individuals are randomly selected. The rest of the data set

is used for testing.

An appearance label of the appearance dictionary is

assigned to a local descriptor uðxÞ using the L1 norm. On

the other hand, a shape label of the shape dictionary is

assigned to a shape context descriptor wðxÞ using the v2

distance13, because it was found to provide a higher part

recognition performance. For the bag-of-features model,

matching is done by comparing descriptors such as (14) via

the intersection distance (13). Matching using the appear-

ance, or the shape and appearance context is done by

comparing the models with the L1 norm.

11.5 Bag-of-features model

The bag-of-features model was tested extensively in order

to chose the local descriptor that maximizes the

performance. Figure 13(left) shows a comparison between

models where the local descriptor U is a color transfor-

mation combined with different types of quantization. In

particular the Lab, RGB, and HSV color spaces are tested.

Quantization along the three axes is done according to the

number of bins reported in the figure. The suffixes ‘‘pls’’

and ‘‘mul’’ indicate whether channel quantization is per-

formed independently or jointly, respectively. The experi-

ment indicates that the Lab and the RGB color spaces

perform better.

Figure 13(right) shows a test where the local descriptor

operator U is the linear filter (LF) bank used in (Winn et al.

2005), which was proved to be very effective for category

recognition. The CMC curves show that the bank of filters

improves versus simple color quantization. In particular,

several dimensions of the appearance dictionary are tested,

and for the dataset used here the matching rate is maxi-

mized when the cardinality of A is around m = 60.

Figure 14(left) shows that the HOG operator defined in

Sect. 3 was tested with different color spaces, and in par-

ticular, with the L channel of the Lab space, the Log-RGB

space, the RGB space, the logarithm of the color-ratio

Fig. 11 Reidentification

matches. Top ten matches using

the model fitting parts-based

appearance model. The query

image is shown in the left
column, and the remaining

columns are the top matches

ordered from left to right. A box
is used to highlight when a

match corresponds to the query.

The third row shows an

example where the correct

match is not present in the top
ten matches

13 Note that w is a concatenation of histograms.
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space, and the ‘‘C’’ invariance of the color invariant space

(Geusebroek et al. 2001). The L channel and the Log-RGB

color space are the best options, and the HOG with either

of the choices almost double the performance with respect

to the linear filter bank. From this experiment the HOG

Log-RGB local descriptor was selected as the operator of

choice for computing the appearance labeled image A:
Figure 15 summarizes several experiments where the

parameters defining the HOG Log-RGB operator are varied

within a range. This information is useful for gaining

insights about parameter sensitivity, and about how to set

them. Four parameters are considered, one at a time,

namely the number of quantizing orientations ‘ of the

HOG, the amount of prior Gaussian smoothing to be

applied to an image, identified by the standard deviation r,

the patch size w over which the HOG is computed, and the

dimensionality of the appearance dictionary m. A good

operating point was found to be for ‘ = 16, r = 0,

w = 11, and m = 60.

11.6 Shape and appearance context models

Since the bag-of-features model does not capture the spa-

tial relationship between appearance labels, it is expected

that doing so through either the appearance context, or the

(parts-based) shape and appearance context model will

increase distinctiveness and matching performance. Fig-

ure 16(left) shows a comparison between different shape

and appearance context models, where different choices of

the operator U are considered. The HOG is tested with

three different color spaces (Log-RGB, RGB,and logarithm

of the color-ratio space). The linear filter bank (LF) used in

(Winn et al. 2005) is also tested alone, and in combination

with the HOG of the L channel of the Lab color space.

From the CMC curves it is noticeable how the configura-

tions that include the HOG significantly outperform the

ones with the LF bank only. In particular, the HOG in the

Log-RGB color space still gives the best CMC curve.

One important component of the shape and appearance

context model is the estimation of the body parts, which is

done through the shape labeled image. This entails the

computation and quantization of the shape context

descriptors (Eq. 32). Figure 14(right) shows the CMC

curves for two descriptors x that were tested. One is the

HOG computed on the L channel of the Lab color space of

the image, obtained with d = 8 quantizing orientations, a

patch size w = 11, and a shape dictionary of dimension

n = 18. The second (Edge), is such that x is a Canny edge

detector, and w does an edge pixels count on the given

partition element region. Both of the approaches work well,

with a slight advantage to the first one, which was picked to

be the default choice.

The implementation of the shape and appearance con-

text descriptor in C?? can reach a speed of about 10fps on

an image region of 250 9 100 pixels on a high-end PC.

The implementation in the discrete domain of lines 5–7 of
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Algorithm 1 requires particular care, and the interested

reader can consult (Doretto and Wang 2007) for details.

11.7 Comparison summary

Figure 16 (right) compares the matching performance of

several approaches. It includes the CMC curves of many

bag-of-features models corresponding to different choices

of local descriptor operator U: In particular, they include

the best results obtained where U is either a simple color

transformation and quantization (to spaces such as RGB,

HSV, Lab), or the linear filter (LF) bank used in (Winn

et al. 2005), or the HOG Log-RGB operator. Included in

the figure are also the CMC curves of an appearance model

that computes the histogram of the so called correlatons

(Savarese et al. 2006). This can be seen as an approach

related to the appearance context model in that it attempts

to capture the co-occurrence of appearance labels14. The

same histogram of correlatons is also used jointly with the

histogram of linear filters, resulting in a significant per-

formance increase. Moreover, Figure 16(right) includes the

CMC plots of the appearance context model, the shape and

appearance context model, and of the model fitting
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Fig. 15 Bag-of-features. HOG

Log-RGB. Matching

comparison by varying one of

the operator parameters at a

time, such as the quantizing

orientations ‘ (top-left), the

image smoothing r (top-right),
the patch size w (bottom-left),
and the appearance dictionary

size m (bottom-right)

14 Note that the approach in (Savarese et al. 2006) was originally

designed for doing inter-category object recognition. Here it has been

tested outside of its natural domain.
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approach, which was the best among the frameworks based

on the spatiotemporal HSV-edgel descriptor.

The overall picture clearly indicates that capturing a

description of the spatial distribution of the appearance

results in more distinctive models for reidentification. This

emerges from the difference between models that are based

on the bag-of-features paradigm and the others. In partic-

ular, the model fitting and appearance context models show

comparable results, with a slight advantage of the latter.

However, it should be noted that one of the advantages of

the former is that it does not require any form of off-line

training. Finally, the model with the highest performance

has resulted to be the shape and appearance context model

with an 82% of rank-1 matching rate.

12 Conclusions

This work shows how the person reidentification problem

is framed within the context of camera networks, typically

deployed to address visual surveillance needs. In particular,

it describes how solving this problem enables tracking

people beyond blind gaps. This is a much needed feature in

order to perform the automatic analysis of video archives

acquired by surveillance apparatus. Rather than consider-

ing passive biometric cues, or camera calibration and

kinematic behavior assumptions of the people imaged by

the camera network, this work focusses on reidentifying

people based on their whole body appearance. The repre-

sentation of such cue can be built from one image (single-

shot approach) of a person (like for the bag-of-features

model, the appearance context, and the shape and appear-

ance context model), or from many images (multiple-shot

approach) (like the bounding box method, the interest

operator method, or the model fitting approach). The latter

methods allow to better ‘‘average out’’ undesired appear-

ance variations due to the unpredictable appearance chan-

ges of clothing. The single-shot models introduced can be

extended to multiple-shots by simply accumulating the

visual information of many images.

The appearance of an individual may inherently be

represented as a whole, leading to holistic models (like the

bounding box, the bag-of-features, and the appearance

context), or can be divided into regions at the outset,

leading to parts-based models (like the interest operator,

the model fitting, and the shape and appearance context).

By nature, parts-based models describe a form of spatial

configuration of the appearance. Conversely, that may not

be the case for holistic models, like the bounding box, and

the bag-of-features. However, when they can be made to

capture the appearance spatial distribution, like in the

appearance context, their matching rate significantly

increases.

The highest performance boosts have been observed by

switching from a holistic to a parts-based approach. This

consideration is not in accordance with the general trend in

appearance based person detection. There, the most robust

approaches have proven to be the ones that use a holistic

representation. This is indicative of how different these

problems are, even though in person detection as well as in

person reidentification people are subject to the same

imaging conditions.

From an algorithmic standpoint, when training is not

feasible, the model fitting approach represents a viable

option for reidentification. On the other hand, the appear-

ance context and the shape and appearance context models

constitute an extension when off-line learning can be

afforded. Also, the generalization of the integral repre-

sentation to operate on generalized rectangular domains

has allowed the derivation of very fast procedures to

compute these models in realtime.

Finally, future directions might include the following

aspects. The first one is concerned with the organization of

multiple models into a hierarchy addressing the issue of

reliable matching by narrowing down the search space at

every level of the hierarchy. The second is the organization

of such hierarchy to achieve complete invariance with

respect to pose and viewpoint variations. The third is the

use of such hierarchy for enabling efficient indexing

schemes for database queries. This would be valuable for
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Fig. 16 Shape and appearance

context and comparison

summary. Left matching

comparison between several

approaches for computing

appearance labels. Approaches

using HOG outperform the ones

that do not. Right matching

comparison summary of several

appearance models. Approaches

that capture appearance spatial

relationships outperform those

that do not
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forensic applications involving large numbers of cameras

capturing imagery over extended periods of time.
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Appendix

This appendix first introduces some notation and then gives

the proofs of Theorem 1, and Theorem 2. The variable m

can be interpreted as partitioning R
k into its 2k open

orthants Om¼
: fx 2 R

kjxi [ 0 if mi ¼ 1; or xi\0 if mi ¼ 0;

i ¼ 1; . . .; kg (see Fig. 5 for an example where k = 2). Let

us introduce the notation OmðxÞ¼: fxþ yjy 2 Omg; and also

a function bxðmÞ : Bk ! B; such that: (1) bxðmÞ ¼ 1 if x is

an adherent point15 for the open set D \ OmðxÞ; (2) bxðmÞ ¼
0 otherwise (see Fig. 5 for an example where k = 2). It is

trivial to prove that: I) x 2 D n oD() bxðmÞ ¼ 18m; II)

x n D() bxðmÞ ¼ 08m: Finally, if mj represents j out of

the k components of m; and if mk�j represents the remaining

k - j components, then edges and corners of the boundary

qD are defined as follows: A point x 2 oD lays on an edge

if there exist j components of m; with 1 � j � k � 1; such

that bxðmÞ does not depend on mk�j; i.e. bxðmÞ ¼ bxðmjÞ; 8m:
If x does not lay on an edge, it is a corner. The set of

corners of D is indicated with r � D:

Proof of Theorem 5 Let fui;1; ui;2; . . .jui;j 2 R; ui;j\
ui;jþ1; i ¼ 1; � � � ; kg; be the set of points along { xi }, such

that D is made of portions of hyperplanes passing through

these points. Fig. 5 illustrates an example for k = 2. The

intersection of the hyperplanes with D defines a partition

D¼:
S

i Ri into rectangular regions {Ri}, which allows to

write
R

D f ðxÞdx ¼
P

i

R
Ri

f ðxÞdx; and apply Eq. 17 to each

term of the summation. By rearranging the terms, and using

the function bxðmÞ; the integral can be rewritten asP
x2D aDðxÞFðxÞ; where D is the set of all the corner points

of the regions {Ri} (note that r � D � D), and

aDðxÞ¼:
P

mð�1Þm
T 1bxðmÞ: Now recall that if x 2 D n oD;

then bxðmÞ ¼ 1; which implies aDðxÞ ¼ 0: On the other

hand, if x is on an edge, then one can write aDðxÞ ¼P
mj
ð�1Þm

T
j 1bxðmjÞ

P
mk�j
ð�1Þm

T
k�j1 ¼ 0; and Eq. 23 is valid.

When x is a corner described by bx; one should proceed

with a direct computation of aD(x). For k = 2, aD (x) is

different then zero only for the 10 cases depicted in Fig. 5,

in which it assumes the values indicated. h

Proof of Theorem 2 According to Eq. 15, H can be

computed by using Eq. 21, and subsequently applying

Theorem 1, giving

Hða; s; pÞ ¼ jDsj�1
X

x2r�Ds

aDs
ðxÞHða; pðxÞÞ ; ð33Þ

where

Hða; pðxÞÞ ¼
Zx

�1

hða; pðuÞÞdu: ð34Þ

Now note that h(a, p(u)) can be computed through the

integral histogram of A

Fða; zÞ ¼
Zz

�1

e � AðvÞdv ; ð35Þ

and by applying Theorem 1, resulting in

hða; pðuÞÞ ¼ jpðuÞj�1
X

z2r�pðuÞ
apðuÞðzÞFða; zÞ: ð36Þ

By combining Eq. 36 with Eq. 34 follows that

Hða;pðxÞÞ ¼
Zx

�1

jpðuÞj�1
X

z2r�pðuÞ
apðuÞðzÞFða;zÞdu : ð37Þ

From the definition of p(u), it follows that |p(u)| = |p|, and

r� pðuÞ ¼ fuþ yjy2r � pg; and also that apðuÞðuþ yÞ ¼
apðyÞ: Therefore, after the change of variable

z = u ? y, in Eq. 37 it is possible to switch the order

between the integral and the summation, yielding

Hða; pðxÞÞ ¼ jpj�1
X

y2r�p
apðyÞ

Zx

�1

Fða; uþ yÞdu: ð38Þ

By substituting Eq. 38 into Eq. 33, and by taking into

account Eq. 35 follows that Eqs. 24 and 25 are proved. h
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