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Abstract

Dynamictexturesare sequencesof imagesof moving scenesthat exhibit certain stationarietyproper-
ties in spaceand time; theseincludesea-waves,smoke, foliage, whirlwinds etc. We presenta novel
characterizationof dynamictexture thatposestheproblemsof modeling, learning, recognizingandsyn-
thesizingdynamictextureson a firm analytical footing. We borrow tools from stochastic realization
theoryto capture the “essence”of dynamictextures; we do soby learningmodelsthat are optimal in
the senseof maximumlikelihoodor minimumpredictionerror variance. Oncelearned,therefore, a
modelhaspredictivepowerandcanbeusedfor extrapolatingsyntheticsequencesto infinite lengthwith
negligible computationalcost. We presentexperimentalevidencethat, within our framework,evenlow
dimensionalmodelscancaptureverycomplex visualphenomena.

1. Intr oduction
Considera sequenceof imagesof a moving scene.Eachimageis an arrayof positive numbersthat
dependupontheshape,poseandmotionof thesceneaswell asuponits materialproperties(reflectance
distribution) and on the light distribution of the environment. It is well known that the joint recon-
structionof photometryandgeometryis anintrinsically ill-posedproblem:from any (finite) numberof
imagesit is not possibleto uniquelyrecover all unknowns(shape,motion, reflectanceandlight distri-
bution). Traditionalapproachesto scenereconstructionrely on fixing someof theunknownseitherby
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virtueof assumptionor by restrictingtheexperimentalconditions,while estimatingtheothers.1

However, suchassumptionscannever be validatedfrom visual data,sinceit is alwayspossibleto
constructsceneswith differentphotometryandgeometrythat give rise to the sameimages2. The ill-
posednessof the most generalvisual reconstructionproblemand the remarkableconsistency in the
solutionasperformedby the humanvisual systemrevealsthe importanceof priors for images[42].
They arenecessaryto fix thearbitrarydegreesof freedomandrendertheproblemwell-posed[21]. In
general,onecanusetheextra degreesof freedomto thebenefitof theapplicationat hand:onecanfix
photometryandestimategeometry(e.g. in robotics),or fix geometryandestimatephotometry(e.g. in
image-basedrendering),or recover a combinationof the two that satisfiessomeadditionaloptimality
criterion,for instancetheminimumdescriptionlengthof thesequenceof videodata[33].

Giventhis arbitrarinessin thereconstructionandinterpretationof visualscenes,it is clearthat there
is no notionof a true interpretation,andthecriterionfor correctnessis somewhatarbitrary. In thecase
of humans,the interpretationthat leadsto a correctEuclideanreconstruction(that canbe verified by
othersensorymodalities,suchastouch)hasobvious appeal,but thereis no way in which the correct
Euclideaninterpretationcanberetrievedsolelyfrom thevisualsignal.

In this paperwe will analyzesequencesof imagesof moving scenessolely asvisual signals. “In-
terpreting”and“understanding”a signalamountsto inferring a stochasticmodelthatgeneratesit. The
“goodness”of the modelcanbe measuredin termsof the total likelihoodof the measurementsor in
termsof its predictingpower: a modelshouldbeableto give accuratepredictionsof thefuturesignals
(akin to so-calledpredictionerrormethods,PEM, in systemidentification).Sucha modelwill involve
a combinationof photometry, geometryanddynamicsandwill be designedfor maximumlikelihood
or minimal predictionerrorvariance.Noticethatwe will not requirethat thereconstructedphotometry
or geometrybe correct (in the Euclideansense),for that is intrinsically impossiblewithout involving
non-verifiableprior assumptions.But themodelmustbecapableof predictingfuturemeasurements.In
a sense,we look for an“explanation”of theimagedata,thatallows usto recreateandextrapolateit. It
canthereforebethoughtof asthecompressedversionor the“essence”of thesequenceof images.

Theintuitivenotionof textureis animagewith certainspatiallyinvariantstatistics,e.g.ground,tiles,
straw etc. For moving images,we are interestedin capturingscenesthat containfoliage moving in
wind, waterfalls,smoke,seawaves,cheeringcrowdsandthelike. Webegin by ashortsurvey of related
work andthenew contributionsthis papermakes. In thecontext of whatwe discussedin theprevious
paragraph,we will concentrateon a precisesubsetof all possiblephotometriesandgeometries,by then
giving anoperationaldefinitionof whatwecall dynamic textures, andinferringadynamicalmodelthat
generatesthescene.

1.1. Prior relatedwork
Statisticalinferencefor analyzingandunderstandinggeneralimageshasbeenextensively usedfor the
last two decades[27]. Thestatisticalcharacterizationof textureswaspioneeredby Juleszfour decades

1For instance,in stereoandstructurefrom motiononeassumesthat(mostof) thescenehasLambertianreflectionproper-
ties,andexploits suchanassumptionto establishcorrespondenceandestimateshape.Similarly, in shapefrom shadingone
assumesconstantalbedoandexploits changesin irradianceto recovershape.

2For example,asequenceof imagesof theseaatsunsetcouldhavebeenoriginatedby averycomplex anddynamicshape
(thesurfaceof thesea)with constantreflectionproperties(homogeneousmaterial,water),andalsoby a very simpleshape
(e.g.theplaneof thetelevision monitor)with anon-homogeneousradiance(thetelevisedspatio-temporalsignal).Similarly,
theappearanceof a moving Lambertiancubecanbemimickedby a sphericalmirror projectinga light distribution to match
thealbedoof thecube.
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back[19].
Therehasbeenextensivework in theareaof 2D textureanalysis,recognitionandsynthesis.Most of

theapproachesusestatisticalmodelsto understand2D textures[17, 42,30, 31, 9, 28, 8, 16] while few
othersrely ondeterministicstructuralmodels[12, 41]. Anotherdistinctionis thatsomework directlyon
thepixel valueswhile othersprojecttheimageintensityfunctionontoabasisof functions3.

Therehavebeenmany physicallybasedalgorithmswhichtargetspecificdynamictextures[11, 13,29,
38]. Somesimulationshavealsodoneby particlesystems[32, 37]. Thesemethodsarecomputationally
intensive, customizedfor particulartexturesand allow no parametersto control the simulationonce
formulated.

Therehasbeencomparatively little work in thespecificareaof dynamictexturesor texturemovies.
Scḧodl et al. [34] addresstheproblemby finding transitionpointsin theoriginal videosequencewhere
the video canbe loopedbackon itself in a minimally obtrusive way. The processinvolvesmorphing
techniquesto smoothoutvisualdiscontinuities.Levoy andWei [41] havealsosuggestedextendingtheir
approachto temporaltexturesby creatingarepeatablesequence.Theapproachis clearlyveryrestrictive
andobtainsaquicksolutionfor asmallsubsetof problemswith little or nounderstandingof thetexture.

Bar-Joseph[3, 4] usesmulti resolutionanalysis(MRA) treemerging for thesynthesisandmergingof
2D texturesandextendsthe ideato dynamictextures. For 2D texturesnew MRA treesareconstructed
by mergingMRA treesobtainedfrom theinput; thealgorithmis differentfrom DeBonet’s [9] algorithm
thatoperatesonasingletexturesample.Theideais extendedto dynamictexturesby constructingMRA
treesusinga 3D wavelet transform.Impressive resultswereobtainedfor the2D case,but only a finite
lengthsequenceis synthesizedafter computingthe combinedMRA tree. Our approachcapturesthe
essenceof a dynamictexture in someparametersandan infinite lengthsequencecanbe generatedin
real-timeusingtheparameterscomputedoff-line.

SzummerandPicard’s work [40, 39] on temporaltexturemodelingusesa similar approachtowards
capturingdynamictextures.They usethespatio-temporalauto-regressivemodel(STAR), whichimposes
a neighborhoodcausalityconstrainteven for thespatialdomain. This restrictsthe texturesthatcanbe
capturedto a large extent. The STAR model fails to capturerotation, accelerationandother simple
non translationalmotions. It works directly on the pixel intensitiesratherthana smallerdimensional
representationof theimage.We incorporatespatialcorrelationwithout imposingcausalrestrictions,as
would beclearin thecomingsections,andcancapturemorecomplex motion. (e.g. rotationalmotion,
onwhich theSTAR modelis ineffective,takenfrom thesamedataset[40])

1.2. Contrib utions of this work
This work presentsseveralnovel aspectsin thefield of dynamic(or time-varying)textures.On therep-
resentation, wepresentanovel definitionof dynamictexturethatis general(it capturesawidevarietyof
imagedynamics)andprecise(it allows makinganalyticalstatementsanddrawing from therich litera-
tureonsystemidentification).On learning, weproposetwo criteria: total likelihoodor predictionerror.
Theestimationalgorithmsweusein bothcasesareoff-the-shelf,althoughmorecomplex inputdistribu-
tion modelscall for interestingextensions.On recognition, we proposea rigorousnotionof metric in
thespaceof dynamictextures,which is derivedfrom thetheoryof subspaceidentification.This shows
promisingresultstowardsa generaltheoryof recognitionfor dynamictextures.On synthesis, we show
thateventhesimplestmodel(first-orderARMA with white IID Gaussianinput) capturesa wide range

3MostcommonmethodsuseGaborfilters[18, 5] andsteerablefilters[14, 36, 15, 35, 17]. Onecouldalsoinfer andchoose
thebestfilters aspartof thelearningprocess[26, 43].
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of textures.Ouralgorithmis simpleto implement,efficient to learnandfastto simulate,thereforeallows
oneto generateinfinitely longsequencesfrom shortinput texturesmoviesandto controlparametersthat
have intuitivephysicalmeaning.

Wewould liketo emphasizethatthis is notapaperin computergraphics.Thecapabilityto effectively
synthesizedynamictexturescomesasa byproductof themodellearnedfor the textures. Whatwe are
interestedin modelingin this paperis the intrinsic spatio-temporalstructureof a classof imagesthat
presentsomesortof spatio-temporalstationariety. Themodelis notphysics-bases,but is designedsoas
to allow generalization(predictivepower) in spaceandtime.

We posethe problemof dynamictexture modeling, learning, recognitionand synthesisin a firm
analyticfooting. Although in our experimentswe only considersimplechoicesof input distributions,
moregeneralclassescanbe easily taken into accountby usingparticlefiltering techniquesandmore
generalclassesof filter banks. Someof theseresultsmay be useful for imagecompressionand for
image-basedrenderingandsynthesisof imagesequences.

2. Representationof dynamic textures

Whatis asuitabledefinitionof texture?for asingleimage,onecansayit is a textureif it is a realization
from a stationarystochasticprocesswith spatiallyinvariantstatistics[42]. This definitioncapturesthe
intuitive notion of texture discussedearlier. For a sequenceof images(temporaltexture), individual
imagesareclearly not independentrealizationsfrom a stationarydistribution, for thereis a temporal
coherenceintrinsicin theprocessthatneedsto becaptured.Theunderlyingassumption,therefore,is that
individual imagesarerealizationsof a dynamicalsystemdrivenby a stationarydistribution. Although
theoutputof thesystem(measuredimages)is not stationary, the input is. We now make this concept
preciseasanoperativedefinitionof dynamictexture.

2.1. Definition of dynamic texture
Let �	��

����������������� � be a sequenceof images,or a subsetof it. Supposethat at eachinstantof time �
we canmeasurea noisy versionof the image, ��
������ ��

���"!$#%
���� where #&

��� is an independentand
identically distributed (IID) sequencedrawn from a known distribution ')(*
,+-� resulting in a positive
measuredsequence�	�.

����������������� � 4. We say that the sequence�	��

����� is a (linear) dynamictexture of
order / if thereexists a set of spatialfilters 021)3546� 798:8;8=< anda stationarydistribution >?
@+A� with
spatiallyinvariantstatisticssuchthat,calling BC
���� 8�D0C
E��
������ wehave BC
����F�DG$HI ���?J I BC

�%KML��N!PORQ�
���� ,
with Q�
���� anIID realizationfrom thedensity >?
@+A� , for somechoiceof matricesJ �S3;8:8;8:3 J H 3=O andinitial
condition BC
UTV�W�XBZY . Therefore,a dynamictexture is associatedto anauto-regressive,moving average
processwith unknown input (ARMAUX)[ BC
����F� J ��BC
��\K]7	�.!^8;8;8	! J H BC

�%K_/?�N!PORQ�
������
����&�$0C
�BC

���`�a!b#%
���� (1)

with BC
ETV���cBZY , Q�

���ed@d@fg >?
@+A� unknown, #&

���hd,d@fg ')()
@+A� given and ��
������ 0\
�BC

���`� . Without lossof
generality, we canassume/D� 7 sincewe can augmentthe stateof the above model to be iBC
���� 8�j BC
����lkmBC

�"Kn7	�lkR8:8;8�BC

�"Ko/)�lkZp�k , andwe canobviously extendthedefinition to anarbitrarynon-linear

4Thisdistributioncanbeinferredfrom thephysicsof theimagingdevice. For CCD sensors,for instance,agoodapprox-
imationis a Poissondistributionwith intensityrelatedto theaveragephotoncount.
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(but finite-dimensional)modelof the form BC

�%!D7	�q�sr%
�BC

���S3=Q�

���`� , which bringsus into therealmof
non-lineardynamictextures.

2.2. Filters and dimensionality reduction
Thedefinitionof dynamictextureaboveentailsachoiceof filters 0Z1*3t4u�v7F8;8;8=< . Thesefiltersarealso
inferredaspartof thelearningprocessfor agivendynamictexture.

Thereareseveralcriteria for choosinga suitableclassof filters, rangingfrom biologicalmotivations
to computationalefficiency. In the trivial case,we cantake 0 to be the identity, andthereforelook at
thedynamicsof individual pixels BC
����w�x��
���� in (1). We view thechoiceof filters asa dimensionality
reductionstep,andseekfor adecompositionof theimagein thesimple(linear)form

��

���&� yz I ��� B I 

����{ I
8�$|5BC
���� (2)

where |}� j {~�S3;8;8:8:3�{
y
p and ��{�� canbe an ortonormalbasisof ��� , a setof principal components,or

a wavelet filter bank. In this work we choosesimpleprincipal components,estimatedfrom the given
collectionof imagesusingthesingularvaluedecomposition(SVD).

An alternativenon-linearchoiceof filters canbeobtainedby processingtheimagewith a filter bank,
andrepresentingit with thecollectionof positionsof themaximalresponsein thepassband[25].

3. Learning dynamic textures
Givena sequenceof noisy images�	��
������������������ � , learningthedynamictextureamountsto inferring the
dynamicsJ �S3;8:8;8:3 J H 3=O andthedistributionof theinput >?
@+A� in themodel(1). This is aform of stochas-
tic realizationproblem[22], whereoneis to infer adynamicalmodelfrom atimeseries.However, in the
literatureof dynamicalsystems,it is commonlyassumedthat thedistribution of theinput is known. In
thecontext of dynamictextures,we have theadditionalcomplicationof having to infer thedistribution
of theinput alongwith thedynamicalmodel.For thesake of simplicity, wewill restrictour attentionto
first-orderlineardynamictextures.Thelearning,or systemidentification,problemcanthenbeposedas
follows,for instancein themaximumlikelihoodsense.

3.1. Maximum lik elihood learning
Themaximum-likelihoodformulationof thedynamictexturelearningproblemcanbeposedasfollows:

��������� BC
UTV��3%��
@7	��3;8;8;8S3=��
��D��3C� �)��J 3 �O�3 �>?
@+A�&�$��� �9� ����Z� �.� �V��� � 't
E��
@7��S3;8;8:8S3`�.
U�D�`�
���)�� ¢¡=  � ¡

[ BC

�a!^7	�F� J BC

���a!PORQ�
������
����&�£|¤BC

���t!_#&

��� (3)

� �?� Q�
����%d,d�fg >�8
Theinferencemethoddependscruciallyuponwhattypeof representationwechoosefor > . Notethatthe
above inferenceprobleminvolvesthehiddenvariablesBC
���� multiplying theunknown parameterJ and
realizationsQ�
���� multiplying the unknown parameterO , and is thereforeintrinsically non-lineareven
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if the original statemodel is linear. We will use,asusual,iterative techniquesthat alternatebetween
estimating(sufficientstatisticof) theconditionaldensityof thestateandmaximizingthelikelihoodwith
respectto theunknown parameters,in afashionsimilar to theexpectation-maximization(EM) algorithm
[10]. In orderfor suchiterativetechniquesto convergeto auniqueminimum,canonicalrealizationsneed
to beconsidered,correspondingto particularformsfor thematricesJ and O . A simpleexampleis the
so-called“controllable canonicalform” [20], that however resultsin poor numericalconditioningof
the algorithms.Balancedrealizationsof varioussortscanbe considered,of the kind describedin [2].
In theexperimentalsectionwe will avoid this issueby consideringconvergenceto any realizationthat
maximizesthejoint likelihoodof theoutput.

Theuseof EM algorithmsto learnparametersof dynamicalmodelsis standardandwethereforerefer
thereaderto [24] for details.

3.2. Prediction error methods
As analternative to maximumlikelihood,onecanconsiderestimatingthemodelthatresultsin theleast
predictionerror, for instancein thesenseof meansquare.Let

�B\
��¥!¦7?§ ��� 8�n¨ j BC
��¥!¦7	�	§ �.
,7	�S3:8;8;8S3=�.

���,p be
thebestone-steppredictor, thatdependsupontheunknown parametersJ 3=O©3=> . Onecanthenposethe
problemin acausalfashionas �J 3 �O©3 �> 8�n��� �9���ª� ��
��.!n7	�tK_| �BC

�a!n7¥§ ��� (4)���)«�¬��:�S¡%¡ � 
U­V�
unfortunately, explicit formsof theone-steppredictorsareavailableonly underrestrictedassumptions,
for instancelinear modelsdriven by white Gaussiannoise[24]. In the experimentalsectionwe do
consideronesuchmodel,however, we repeatresultsobtainedonly for the caseof ML learning. For
detailsthereaderis againreferredto [24].

3.3. Representationof the dri ving distrib ution
Sofar we have managedto deferaddressingthe fact that theunknown driving distribution belongs,in
principle,to aninfinite-dimensionalspace,andthereforesomethingneedsto besaidabouthow this issue
is dealtwith algorithmically.

We seethreewaysto approachthis problem.Oneis to transformthis into a finite-dimensionalinfer-
enceproblemby choosingaparametricclassof densities.Thisis donein theexperimentalsection,where
we have postulatedthat theunknown driving densitybelongsto a finite-dimensionalparameterizations
of aclassof exponentialdensities,andthereforetheinferenceproblemis reducedto afinite-dimensional
optimization. The exponentialclassis quite rich andit includes,in particular, multi-modalaswell as
skeweddensities,althoughwith experimentsweshow thatevenasingleguassianmodelsallowsachiev-
ing goodresults.

The secondalternative is to representthe density > via a finite numberof fair samplesdrawn from
it; the model (1) can be usedto representthe evolution of the conditionaldensityof the stategiven
themeasurements(thediscrete-timeequivalentof Fokker-Planck’soperator),andthedensityis evolved
by updatingthesamplesso that they remainfair realizationof theconditionaldensityastime evolves.
Algorithmsof thissortarecalled“particlefilters” [23], andin particulartheCONDENSATION filter [6]
is thebestknown instancein theComputerVision community. Althoughwe believe thatthis avenueis
verypromising,wehavenot pursuedit.
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Thethird alternative is to treat(3) asa semi-parametricstatisticalproblem,whereoneof theparam-
eters( > ) livesin theinfinite-dimensionalmanifoldof probabilitydensitiesthatsatisfycertainregularity
conditions,endowedwith a Riemannianmetric(correspondingto Fisher’s Informationmatrix),andde-
signinggradientdescentalgorithmswith respectto the naturalconnection,as it hasbeendonein the
context of independentcomponentanalysis(ICA) by Amari andCardoso[1]. This avenueis consider-
ably morelaborious,albeit admittedlymoreprincipled,andwe arethereforenot consideringit in this
study.

3.4. Recognition
Accordingto our definitionin section2.1,eachtextureis characterizedby anARMAUX model.There-
fore,in orderto comparetextures,weneedto first defineabasemeasurein thespaceof lineardynamical
systems,andthenpossiblyto characterizeprobabilitydistributionsin thatspace.

Defining an appropriatebasemeasurein the spaceof ARMAUX modelsis not trivial, sinceeach
modelentailsa combinationof an input densityandstateandoutputtransitionmatrices.However, if
we restrictour attentionto modelshaving input densityin thesameclass,thenrecentresultsfrom the
theoryof subspaceidentificationprovide guidanceon efficient waysto computethe distancebetween
models. In particular, [7] definessubspaceanglesbetweenmodels,andprovidesefficient algorithms
to computethem. In the experimentalsectionwe discusshow we have computeddistancesbetween
differentrealizationsof thetexturesandshow how similar texturesclustertogetherin somespace.

4. Experiments: implementation
In ourexperimentsweshow resultsonthreesequencesfromtheMIT temporal texturedatabase(courtesy
of Martin Szummer),namelysteam, river andspiraling-water. Thesequencesare 7;®VT , 7	¯�T
and 7	¯~T frameslong respectively, while thedimensionsof theframesare °�±©²M7	³~± for thesteam and7�7	´e²¦7	³�T for theriver andthespiraling-water.

In thefirst-orderlineardynamictexturemodelwe assumethat O is anidentity matrix. Theevolution
of themodelis centeredaroundtheaverageframeof theoriginal sequence,µP�s¨ j �.

���,p , so thateach
framecanberepresentedin thedomainof theprincipalcomponents¶ 8� j¸· ��3;8:8;8:3 ·

y
p , as

BC
����9�X¶ k 
E��
����CKMµa��8 (5)

Thus,in themodel(3), BC
���� becomeazeromeanrandomvectoraswell as Q�
���� . WechooseQ�
���� lo lie in
theparametricclassof multivariateGaussianrandomvectorswith zero-mean,independentcomponents

andcovariancematrix ¹ , thereforewehave Q�

���%d@d@fg»º 
ET?3=¹a� .
After theparameterestimation,thegenerationprocessof theimagesis given,in accordancewith (5)

and(3), by [ BC
����F� �J BC
��CK]7	�N!bQ�
������
����&�v¶qBC
����a! �µ (6)

where Q�
���� d,d@fg º 
UT¥3 �¹N� . The learningprocesstherefore,consistsof estimating
�µ astheaverageframe

of thetrainingsequence,theprincipalcomponents¶ via SVD andtheML-estimationof theparameters�J and
�¹ via gradientdescent.
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4.1. Synthesis
Figure1 shows that an “infinite length” texture sequencecanbe synthesizedfrom a typically “short”
input sequenceby just drawing samplesfrom Q�

��� . The initial frame, representedby BC
UT�� , is chosen
randomlyfrom theoriginalsequence,it couldalsobedrawn from adistributionlearntfrom thesequence
using 2D texture synthesistechniques,e.g. [42]. The framesbelongsto the spiraling-water
sequence.Froma120framestrainingsequencea1000framessynthesizedsequence5 hasbeengenerated
using <¼�½´~T principal components.This sequencehasbeenshowedin [40] asa test-bedexampleto
point out the limitations of the STAR model in capturingnon-translationalmotion. Sinceour model
incorporatesspatialcorrelationwithout imposingany spatialcausalrestrictions,it can capturemuch
morecomplex motion.

The first row of Figures4 and5 shows a few framesof the original steam andriver sequence
respectively. Thesecondrow shows a sectionof framesfrom the “infinitely long” synthesizedtexture
sequence¾ (N=20principalcomponents).

4.2. Performanceassessment
As explainedin section3.2weuseML by fixing thenumber< of principalcomponentsandlearningthe
parametersfor differentlengths,� , of thesametrainingsequence;in orderto cross-verify our models,
we test this with PEM. For eachlength, � , we predictthe frame � !¿7 andcomputethe prediction
errorperpixel in gray levels. Theresultsareshown in Figure2. Theaverageerrorperpixel decreases
andbecomesstableafter the À�T �ÂÁ frame. The standarddeviation hasthe sameshapeof the average
error. Thus,the predictingpower of the modelgrows with the lengthof the training sequenceandso
doesits ability to capturethe spatial-temporaldynamics.Furthermore,after some“critical” lengthof
thesequence,thereis no improvementin thepredictingpower: thespatial-temporaldynamicshasbeen
capturedandtheuseof a longersequencedoesnot provide any additionalinformation.Figure2 shows
thatthis happenafterthe À�T �ÂÁ framefor thesequencesteam.

The graphis importantin analyzingthe informationcontentof the input sequence.If the sequence
terminatesbeforethe graphstabilizes,it implies “insufficient data” to model the texture comprehen-
sively. Moreoverdataafterthecritical point is “redundant”.Thismeasureor techniquecanbeusedasa
benchmarkto comparedifferenttemporaltexturefor “information content”for a particularmodelor to
comparedifferenttexturesynthesismodelsfor aparticulartemporaltexture. In thelattercaseif amodel
stabilizesafter readingfewer input frames,doesn’t necessarilyimply that it is richeror moreefficient.
It maybedisregardingsomeinformationin theinput. Therefore,its a weighup betweenwhen(i.e. the
“critical point”) andwhere (i.e. alongthe ordinateaxis) the graphstabilizesthat tells us, how gooda
texturesynthesismodelis.

4.3. Extrapolating sequences
Anotherimportantparameterto comparevarioustexturesynthesismodelsis thetime it takesto synthe-
size.

It is well establishedthatmodelsusingGibbssampling[42] andothersamplingmethodsto draw sam-
ple from complex distributionsarecomputationallyintensive. Moreover, thereis alwaysanuncertainty
whetherthesampleshave converged. Deterministicmethodsto extendandextrapolatesequenceshave

5The training and the synthesizedsequencesare available online at http://www.vision.cs.ucla.edu/dy-
namic-textures/movies.html.

8



Figure1: Thefigureshows how an“infinite length” texturesequenceis synthesizedfrom a typically “short” input texture
sequenceby justdrawingsamplesfrom Ã�ÄÂÅEÆ . Thedatasetusedcomesfrom theMIT temporaltexturedatabase. Theparticular
structureof thissequence(spiraling-water synthesizedusing Ç]ÈÊÉ�Ë principalcomponents),is amongsttheonesthat
cannotbecapturedby theSTAR model[40].

to go backandquerythe input texture in oneway or theotherto obtaininformationthatgeneratesthe
next [12, 41] 6. In our model,oncethe learningphaseis over, generationis muchfasterbecauseit is
puresimulationandthereis noneedto referto theinput textureandthedistributionsarestraightforward
to samplefrom. Moreover, we canevencontrol thesizeof parametersto obtaina particularsynthesis
speedandchangethemodelparameters(e.g.theeigenvaluesof

�J ) to manipulatetheoriginaldynamics.
The generationproblemwasnot ascritical in the 2D texturedomain,aswe usuallydid have a size

estimate(finite) to extendtheinput to andtherewereno realtimeconstrains.In addressingtheproblem
of generating“infinitely” long temporalsequencesthis is oneof thekey issues.

Wewouldnow discussanotherfacetof temporaltexture,texturedifferentiationor recognition.
6In [41] for eachnew pixel asearchis conductedfor a similarneighborhoodpatternin theoriginal texture.
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4.4. Recognition
Themotivationof the recognitionproblemfor dynamictextureswasdiscussedin section3.4. We use
the Kullback-Leibler distance(K-L distance)to computethe discrepancy betweendifferentdynamic
textures.Theproblemis formalizedasfollows.

Let ��
���� , ���ÌT?3a7�3N8;8:8 be an infinite-long sequenceof images. This canbe modeledasa stochas-
tic processwhich takes valuesin a subsetof ÍFÎÐÏ ( for an Ñ ²n# dimensionalimage. Let i�Vk 8�
���
@7	��3=��
�¯���3;8;8;8�3=��
�ÒÓ��� be a sequenceof imagesand let 't
 i��k�� be the correspondingprobability den-
sity function(p.d.f.). Thep.d.f. 't
 i� k � is completelydeterminedby theparametersthatdefinethemodel
(1). Now, let '�� and ' � be two p.d.f.sthat belongsto two differentdynamictextures. The K-L dis-
tance, ��
-'���Ô�' � � , between'�� and ' � is definedas ��
-'���Ô�' � � 8� � �ª� k?ÕWÖ ��k\
Â'���Ô�' � � where ��k\
Â'��;Ô�' � ����k ¨F×;Ø
j �ª� � 
-'���
 i�Vk� ��ÙS' � 
 i��k� �`�,p and ¨F×;Ø j +Úp is theexpectationtakenwith respectto '�� .

In Figure3wedisplaythedistance,thequantity�Vk\
-'���Ô�' � � , betweendifferentdynamictexturesplotted
againstthe length Ò . We have takendifferentrealizationsof thetexturesriver andsteam andhave
computedthe distanceof the former realizationsagainstthemselvesandthe latter7. It is evident that
alike texturestendto clustertogether. Thereforein principle a comprehensive databaseof parameters
learnedfrom commonlyoccurringdynamictexturescanbe maintainedanda new temporalsequence
canbecategorizedafterlearningits parametersandcomputingthedistance.An extensiveassessmentof
therecognitioncapabilitiesof oursystemis prematureatthispointdueto thelackof extensivedatabases
of dynamictextures.

4.5. Sequencecompression
In this sectionwe presenta subjective comparisonbetweenstoragerequirementsfor theestimatedpa-
rametersw.r.t. theoriginalspacerequirementof thetexturesequences,to getanestimateof thesequence
comparisoncapabilitiesof ourmodel.Noteagainthattheparameters( µ , ¶ , J , ¹ ) areselfsufficientand
wedon’t needto referto theoriginal texturefor thesynthesisof new sequences.

To make the comparisonwe only considerthe optimal numberof framesor the frameswhich are
informative in the input sequencealthoughtheremay be many moreredundantframes. Considerthe
steam sequence.The critical numberof framesin thesteam sequenceasgiven by Figure3 is 80.
Thereforethestoragerequirementamountsto À�T©²¦°�±Û²o7	³~± or 7�8Ú­V´©²P7�T�Ü . We usedN=20 principal
components,with oneaverageimageI, thespacerequirementfor theestimatedparametersequals°�±¤Ý7�³�± (I) !¤¯�TÐÝ&°�±ÞÝÐ7	³~± (principalcomponents) !¤¯�T�ÝF¯~T (A) !ß¯~TR
�¹a� or ®)8à´ß²á7;T ¾ . Thisgivesusaworst
casecompressionof 7©â.­ for a typical example. It shouldbeunderstoodhowever that the thenumber
of input framesareoftenfar morethanthecritical lengthandour spacecomplexity is indifferentto this
value. For instance,if the requirementis to generatean infinite sequencefrom a given 10,000frame
movie thecompressionwouldbe 7ãâ�®�T�T .
5. Discussion
We have introduceda novel representationof dynamictexture andassociatedalgorithmsto perform
learning,recognitionandsynthesisof sequencesfrom trainingdata.We have demonstratedexperimen-
tally that even the simplestchoicesin the model (linear stochasticsystemsdriven by Gaussianwhite

7We obtain a similar plot if we computethe distancefrom the latter w.r.t. the former althoughthe K-L distanceby
definitionis not commutative.
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Figure2: äæå�ç¥è;é¥ê~è:ë�ìÂí)îSï�ð`ì�å�ñhò to verify the quality of the model learned,we have useda fixed numberof principal
componentsin the representation(20) andconsideredsub-sequencesof the original datasetof lengthvarying from ó`Ë toó`ô�Ë . We have usedsuchsub-sequencesto learnthe parametersof the model in the Maximum-Likelihoodsense,andthen
usedthe model to predict the next image. Using onecriterion for learning(ML) andanotheronefor validation(PEM) is
informative, for it challengesthe model. Theaveragepredictionerror perpixel is shown asa functionof the lengthof the
trainingsequence(for thesteam sequence),expressedin grayscalewithin arangeof ôSÉ�õ levels.Theaverageerrorperpixel
decreasesandbecomesstableaftersomecritical length(in this caseöSË frames).

noise)cancapturecomplex visualphenomena.Thealgorithmis simpleto implement,efficient to learn
andfastto simulate.Someof theseresultsmaybeusefulfor imagecompressionandfor image-based
renderingandsynthesisof imagesequences.

Our framework canbe extendedto accountfor higher-orderandnonlineardynamics,andarbitrary
inputdistributions,althoughwedonot pursuethis avenuein this paper.
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